N

N

A templex-based study of the Atlantic Meridional
Overturning Circulation dynamics in idealized chaotic
models
Caterina Mosto, Gisela D Charé, Florian Sévellec, Pierre Tandeo, Juan J

Ruiz, Denisse Sciamarella

» To cite this version:

Caterina Mosto, Gisela D Charé, Florian Sévellec, Pierre Tandeo, Juan J Ruiz, et al.. A templex-based
study of the Atlantic Meridional Overturning Circulation dynamics in idealized chaotic models. Chaos:
An Interdisciplinary Journal of Nonlinear Science, 2025, 35 (1), 10.1063/5.0231713 . hal-04872005

HAL Id: hal-04872005
https://imt-atlantique.hal.science/hal-04872005v1
Submitted on 7 Jan 2025

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.

Distributed under a Creative Commons Attribution 4.0 International License


https://imt-atlantique.hal.science/hal-04872005v1
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr

"
e
®
£
O

An Interdisciplinary Journal
of Nonlinear Science

RESEARCH ARTICLE | JANUARY 06 2025

A templex-based study of the Atlantic Meridional
Overturning Circulation dynamics in idealized chaotic
models

Special Collection: Nonautonomous Dynamics in the Climate Sciences

Caterina Mosto & @ ; Gisela D. Charé © ; Florian Sévellec @ ; Pierre Tandeo ©® ; Juan J. Ruiz ® ;
Denisse Sciamarella @

’ '.) Check for updates ‘

Chaos 35, 013113 (2025)
https://doi.org/10.1063/5.0231713

@ B

View Export
Online  Citation

Articles You May Be Interested In

Templex-based dynamical units for a taxonomy of chaos

Chaos (November 2024)

Templex: A bridge between homologies and templates for chaotic attractors

Chaos (August 2022)

Random templex encodes topological tipping points in noise-driven chaotic dynamics

Chaos (October 2023)

IP
ublishing Chaos

Special Topics Open

for Submissions

Learn More

21i6G:21 G20 Aenuer 0


https://pubs.aip.org/aip/cha/article/35/1/013113/3329379/A-templex-based-study-of-the-Atlantic-Meridional
https://pubs.aip.org/aip/cha/article/35/1/013113/3329379/A-templex-based-study-of-the-Atlantic-Meridional?pdfCoverIconEvent=cite
https://pubs.aip.org/cha/collection/263624/Nonautonomous-Dynamics-in-the-Climate-Sciences
javascript:;
https://orcid.org/0000-0001-9452-5622
javascript:;
https://orcid.org/0000-0001-5798-0933
javascript:;
https://orcid.org/0000-0002-8498-0004
javascript:;
https://orcid.org/0000-0003-1647-8239
javascript:;
https://orcid.org/0000-0002-5079-641X
javascript:;
https://orcid.org/0000-0001-5218-3708
https://crossmark.crossref.org/dialog/?doi=10.1063/5.0231713&domain=pdf&date_stamp=2025-01-06
https://doi.org/10.1063/5.0231713
https://pubs.aip.org/aip/cha/article/34/11/113111/3319161/Templex-based-dynamical-units-for-a-taxonomy-of
https://pubs.aip.org/aip/cha/article/32/8/083108/2835931/Templex-A-bridge-between-homologies-and-templates
https://pubs.aip.org/aip/cha/article/33/10/103141/2919107/Random-templex-encodes-topological-tipping-points
https://e-11492.adzerk.net/r?e=_dXRtX3NvdXJjZT1wZGYtZG93bmxvYWRzJnV0bV9tZWRpdW09YmFubmVyJnV0bV9jYW1wYWlnbj1IQV9DSEFfU1QrT3Blbitmb3IrU3Vic19QREZfMjAyNCJ9&s=EFohC30v16xbTuuf_NId4ENv1Sk

Chaos ARTICLE pubs.aip.org/aip/cha

A templex-based study of the Atlantic Meridional
Overturning Circulation dynamics in idealized
chaotic models

Cite as: Chaos 35, 013113 (2025); doi: 10.1063/5.0231713 f
Submitted: 1 August 2024 - Accepted: 12 December 2024 - @ I'_'I @
Pu bllshed on“ne: 6 January 2025 View Online Export Citation CrossMark

Caterina Mosto,' %32 (&) Gisela D. Charé,'*** (2 Florian Sévellec,>%< (2 Pierre Tandeo,*” % {& Juan J. Ruiz,'?>®
and Denisse Sciamarella®®"

AFFILIATIONS

TCONICET—Universidad de Buenos Aires, Centro de Investigaciones del Mar y la Atmodsfera (CIMA), C1428ECA CABA, Argentina
?Departamento de Ciencias de la Atmdsfera y los Océanos, Facultad de Ciencias Exactas y Naturales, Universidad de Buenos
Aires, C1428EGA CABA, Argentina

3CNRS—IRD—CONICET—UBA, Institut Franco-Argentin d'Etudes sur le Climat et ses Impacts (IRL 3351 IFAECI),

Cl1428ECA CABA, Argentina

“Laboratoire des Sciences du Climat et de I'Environnement, CEA Saclay I'Orme des Merisiers, UMR 8212 CEA-CNRS-UVSQ,
Université Paris-Saclay & IPSL, 91191 Gif-sur-Yvette, France

SLaboratoire d'Océanographie Physique et Spatiale, Univ Brest, UMR 6523, 29280, CNRS Ifremer IRD, Brest, France
SODYSSEY Team-Project, INRIA [fremer IMT-Atl, 35042, CNRS, Brest, France

7IMT Atlantique, Lab-STICC, UMR 6285, 29238, CNRS, Brest, France

8CNRS—Centre National de la Recherche Scientifique, 75016 Paris, France

Note: This paper is part of the Focus Issue, Nonautonomous dynamics in the climate sciences.
@) Author to whom correspondence should be addressed: caterina.mosto@cima.fcen.uba.ar
®)Electronic mail: giscla.charo@cimafcen.uba.ar

¢JElectronic mail: florian sevellec@univ-brest fr

9Electronic mail: picrre tandeo@imt-atlantique.fr

¢JElectronic mail: jruiz@cima fcen.ubaar

D Electronic mail: denisse.sciamarella@cnrsfr

ABSTRACT

Significant changes in a system’s dynamics can be understood through modifications in the topological structure of its flow in phase space.
In the Earth’s climate system, such changes are often referred to as tipping points. One of the large-scale components that may pass a tipping
point is the Atlantic Meridional Overturning Circulation. Our understanding of tipping points can be enhanced using a recently proposed
mathematical concept—the templex—which enables the identification of dynamics of different classes. Unlike traditional topological invari-
ants, templex properties describe not only the topology of the underlying structure of a set of points in phase space associated with a finite time
series but also the non-equivalent pathways allowed by the flow around that structure. In this study, we investigate the dynamics produced
by an idealized autonomous model and its nonautonomous counterpart to consider long-term climate changes and reproduce phenomena
occurring during different epochs, such as glacial and interglacial intervals. In the nonautonomous system, the trajectory visits two distinct
domains in phase space, one of which shares certain properties with those found in the autonomous case. A dissection of the templex and the
definition of active templex properties improve our understanding of how the system tips from one regime to another. We also discuss the
relationship between our results and the nonautonomous model’s pullback attractor.
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Chaos

Understanding dynamics from time series is one of the most sig-
nificant goals in nonlinear sciences. In the deterministic frame-
work, this goal can be achieved seeking and finding invariants
in phase space. Such invariants can be either metric or topolog-
ical, but only the topological ones provide information on how
the phase space is mapped onto itself under the action of the gov-
erning equations. Atlantic Meridional Overturning Circulation
(AMOC) models have never been studied from this perspective.
Here, we consider the time series produced by two idealized mod-
els: the first one describes the self-sustained chaotic oscillations
characteristic of the glacial intervals, and the second one incorpo-
rates the time-varying position of the edge of sea ice driving the
system in and out of this chaotic behavior. Using a templex, i.e.,
a mathematical object that describes the topology of a determin-
istic flow in phase space, this paper dissects the dynamics of the
AMOC into the different components that decrypt its evolution.
The approach is applied both in the autonomous and nonau-
tonomous settings, and compared with previous studies using the
concept of pullback attraction.

I. INTRODUCTION

The term tipping point, popularized in the climate scientific
community by Lenton et al.,' was originally introduced in a non-
scientific context. Its early figurative use emerged in the 1950s,
primarily referring to social dynamics.” The term was later repur-
posed in climate science to describe thresholds in environmental
systems.” This adaptation emphasizes its applicability to complex
systems undergoing transitions, such as those observed in our
planet’s dynamics.”

The Earth’s climate system has experienced intervals of glacia-
tion and interglacial intervals. Paleoclimatic records from the last
glaciation, including data from the Greenland ice cores and North
Atlantic Ocean temperatures, reveal a chaotic variability corre-
sponding to the Dansgaard-Oeschger (D-O) events.”” These events
involve slow cooling over several centuries followed by abrupt
warming over a few decades. Recent studies have hypothesized that
the chaotic variability of the Atlantic Meridional Overturning Cir-
culation (AMOC) can be explained by deterministic self-sustained
oscillations between two alternating phases: a slow on-phase dur-
ing which the circulation strengthens, and a rapid off-phase during
which the circulation weakens. These on and off phases are char-
acteristic of relaxation oscillations,” in contrast with the relative
stability of the Holocene epoch.” Temporal changes in the position
of the edge of sea ice (ESI) have been proposed as a modification in
the system’s driving term."’

Chaotic relaxation oscillations, described as an assemblage of
slow and fast subsystems in increasingly higher dimensions,'' have
been studied from a topological perspective.'”” Understanding the
topological structure of a flow in phase space allows researchers
to identify the stretching, squeezing, folding, or tearing mecha-
nisms that generate strange attractors.'” By analyzing the topology,
one can discern how trajectories evolve, aiding in the prediction
of transitions between different regimes.'” Additionally, topologi-
cal techniques facilitate the interpretation of complex behavior in
high-dimensional phase spaces.”” For three-dimensional systems,
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the topological structure of an attractor can be thoroughly described
using knots,'® but knots unknot in four dimensions and beyond. To
deal with higher-dimensional chaos, it is necessary to use topological
tools without dimensional restrictions, such as cell complexes.'’

A cell complex is a sort of skeleton made up of cells of differ-
ent dimensions,'” allowing for the computation of layered invariants
(homology and torsion groups), which can be used to distinguish
different topologies. The exploration of phase space with cell com-
plexes began in the nineties.'””” Today, we have a special class of cell
complexes that approximate branched manifolds:'* they are called
BRAMAH complexes—the acronym stands for “Branched Manifold
Analysis through Homologies.”*" This approach was successfully
used, for instance, to analyze speech data® or to detect Lagrangian
Coherent Sets in fluid flows.”” The difficulty with homologies, how-
ever, is that they do not consider the fact that a cell complex in
phase space is visited by the flow in a specific way, defining circuits
that can be homologically equivalent while topologically distinct.
Unveiling the non-equivalent paths of the flow upon the structure
is not possible without equipping the cell complex with a directed
graph (or digraph) that indicates how cells are connected by the
flow. The mathematical object incorporating the flow into the pic-
ture was introduced in 2022 under the name “templex.”” It consists
of a BRAMAH complex endowed with a directed graph, whose
nodes coincide with the highest local dimension cells of the com-
plex. The edges of the graph contain the previously missing flow
information. The templex is nothing more than the generalization
of the cell complex for the algebraic extraction of the topological
properties of a flow in phase space.” Its properties can be used
to identify the fundamental processes that are responsible for the
system’s behavior.

Understanding the AMOC dynamics is crucial because of its
impact on the planet’s heat distribution.”** There are a number
of mechanisms in the literature identified as responsible for the
AMOC dynamics. Idealized models coupling ocean, atmosphere,
and ice suggest that millennial oscillations are mainly endogeneous
and deterministic.”” Sévellec and Fedorov® formulate a low-order
model of the AMOC that realistically reproduces the power spectra
for different sets of initial conditions. This model is a modification
of the Howard-Malkus loop,” formulated for three variables: two
salinity gradients and the strength of the overturning circulation. It
is derived from the equations of motion of the ocean circulation in
its zonally averaged form in the depth-latitude plane.

To reproduce the interglacial intervals, the model is made more
complex.” The latitudinal location of the AMOC with respect to the
atmospheric precipitation is found to control the stability properties
of the system, having a single stable steady state in the interglacials
that switches to solutions wandering between three unstable steady
states. Consistently with numerical studies, latitudinal shifts of the
AMOC are assumed to follow the southward edge of the sea ice. To
study this nonautonomous system, a sawtooth function with zero
mean and a period of 100000 years is imposed. Nonautonomous
dynamical systems are often studied using the so-called pullback
approach,”~" i.e., integrating the time-dependent equations of the
nonautonomous model over a chosen time interval from a large set
of initial conditions, and plotting the probability density function
of the system. Sévellec and Fedorov'’ show that computing the pull-
back attractors for different diagnostic times separated by 5000 years
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is enough to unveil that the AMOC dynamics alternates between an
interglacial interval and a chaotic burst during the glacial interval.
In three-dimensional phase space, the pullback attractor has differ-
ent shapes depending on the choice of the initialization time and
contracts to a single point during the interglacials.

This work provides the first topological analysis of the flow
in phase space associated with these deterministic models of the
AMOC. The study is undertaken using the templex approach in
both autonomous and nonautonomous settings, with the assump-
tion that determinism and continuity imply topological invariance
in the absence of false neighbors, ie., in the absence of differ-
ent states in phase space that are presented as coincident because
of a projection. Adding phase space dimensions to eliminate self-
crossings amounts to rewriting the nonautonomous system as a
higher-dimensional bounded system in an autonomous form.** The
analysis will be conducted by building the templex directly from
the time series provided by the numerical solutions of both model
equations, with as many dimensions per case as required, and by
computing and comparing their templex properties.

The article is organized as follows. The first section is devoted
to describing the templex approach, using the Rossler spiral chaotic
attractor as a reference example. The following sections focus
on the templex-based analysis of the AMOC models. The three-
dimensional system is treated first to characterize the topology of
the chaotic dynamics of the glacial intervals reproduced by the
autonomous model.” The same system is reconsidered when the
sawtooth time-dependent forcing is introduced. The new templex
is shown to be a compound structure that can be fragmented at cer-
tain joints. The concept of active templex properties is introduced
at this point. The terminology, borrowed from Rinzel’s active and
silent phases for bursting mechanisms in excitable systems,’” enables
the identification of tipping points within a deterministic templex.
A comparison with the pullback approach is provided. Conclusions
can be found in the last section.

Il. ATEMPLEX AND ITS PROPERTIES

In algebraic topology, a cell complex K is a layered struc-
ture, made up of cells of dimension k with k € Ny. Thus, a 2-cell
is a polygon, whose faces are 1-cells or segments, whose faces are
0-cells or points. In a cell complex K every face of the cell complex
is in K, and so, every pair of distinct cells in K have disjoint inte-
riors. Such cells are the basic building blocks of homology theory.
Homology groups, which are a series of scaled invariants, can be
calculated from cell complexes. These invariants encode the infor-
mation on the existence, on the number, and on the location of holes
of different dimensions: they are called k-generators or k-holes. The
zero-order homology group H,(K) measures the connectivity of the
complex, and its rank is associated with the number of connected
components; the first homology group H, (K) identifies non-trivial
loops of 1-cells around the complex (these loops are called 1-holes);
the second homology group H,(K) accounts for the loops of 2-cells
enclosing empty cavities or 2-holes. Torsion groups can be com-
puted if the cell complex is uniformly oriented. Above the minimal
number of cells (for each dimension) needed to correctly approx-
imate a space,’”® the topological invariants (number of connected
components, non-trivial loops, enclosed cavities or torsions) are
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independent of the number or the particular arrangement of cells
in the cell complex."”

It has recently been shown that cell complexes, and current
tools in algebraic topology, are insufficient to distinguish between
attractors with the same number of holes and global torsions.”” For
instance, the spiral’’ and funnel® Rdssler attractors are two variants
of the Rossler system (with different control parameters) which are
not dynamically equivalent in spite of having the same homology
groups: they both have one 0-hole, a single 1-hole and no 2-holes. As
mentioned in the introduction, traditional topology aims at describ-
ing an object in any space, but does not describe the flow if the
space is a phase space and the object is an attractor. To add the
flow information, the cell complex must be complemented with a
digraph. These two elements (the complex and the digraph) make
up the twofold mathematical object called templex.

Let us introduce here some details regarding the mathematical
construction of the templex from time series. The starting point is
a numerical solution of a deterministic dynamical system—a set of
time series—leading to a point cloud in phase space. For a deter-
ministic system, the point cloud must be free of false neighbors,
so as to study the topology of the solutions themselves and not
of their projection onto a lower-dimensional subspace. The point
cloud is segmented into d-cells where d is the local dimension of the
manifold on which the points lie. The set of points assembled in a
d-cell must also satisfy the condition of being a good approximation
to a d-dimensional Euclidean set.'” A cell complex constructed in
this manner is called a BRAMAH complex—full definitions can be
found in Sciamarella and Chard.”* The number of cells forming this
complex is neither too low as to risk losing details in the approx-
imation of the underlying structure, nor too high as to needlessly
increase the computational cost of calculating homology and torsion
groups.

By definition, the dimension of a cell complex is that of its
highest dimensional cell(s), and by construction, the dimension of
a BRAMAH complex coincides with the largest local dimension on
which the solution lies. Thus, if the structure supporting the point
cloud is a surface, the highest dimensional cells will be 2-cells and
the complex will be said to be of dimension 2. Note that in a complex
of dimension « there can exist sections of highest local dimension «;
such that «; < «. The cells of largest local dimension are assigned a
node in the digraph of the templex, and the edges of the digraph
provide the flow-compatible connections between the nodes. The
templex approach inherits from homology theory the advantage of
canceling out extraneous information, and allowing for the algebraic
extraction of the fundamental properties of the topological structure
of the flow, regardless of the number and distribution of cells.

A templex can be studied homologically using its complex,
while its digraph can be analyzed in terms of the distinct cycles than
can be established through the junction(s) between different paths.
The cells in a junction make up what we call the joining locus. Join-
ing loci can be easily detected scanning the complex for sets of three
or more kj-cells sharing a («; — 1)-cell. In other words, a joining
locus is the location in a cell complex where there are three or more
kj-cells held by a common hinge—if k; = 2 this hinge is a 1-cell (or
a singly connected chain of 1-cells) which may be called joining line.
The flow traverses such joining line going from two or more “ingo-
ing” 2-cells into a unique “outgoing” 2-cell: a templex fulfilling this
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condition concerning the cell structure at the joining locus is called
a generating templex.

To illustrate these concepts with a paradigmatic example, let
us consider the Rossler system. The spiral Rossler attractor was dis-
covered with the aim of simplifying® the Lorenz equations.”’ The
Lorenz equations present two nonlinear terms and lead to three
fixed points. The Rossler’s set of equations,

X=-y—gz
y=x+ay, (1)
z=>b+z(x —¢),

with a = 0.2, b = 0.2, and ¢ = 5, exhibits chaos with fewer nonlin-
ear terms than the Lorenz system. It has only two fixed points, one
of them located in the main disk and the other one lying above. Tra-
jectories solving Eq. (1) loop around the first fixed point until they
start being pulled up by the second fixed point. The flow going up in
the z direction is folded back onto the main disk.

Henri Poincaré was the first to notice how phase portraits are
structured around fixed points. Fixed points, however, do not suffice
to determine the topology of a chaotic attractor.”’ Let us build the
templex for the spiral Réssler attractor from a solution in R®. The
BRAMAH complex is constructed following the strategy detailed by
Sciamarella and Mindlin,'” where the rationale is dividing the point
cloud into subsets that locally approximate d-disks to form d-cells
from them. The local dimension d and the number of points in these
d-disks is computed using singular value decomposition and linear
regressions within a range of maximum and minimum numbers of
points that are set beforehand for the entire computation. These d-
cells form the complex, endowed with a directed graph or digraph
every time a d-cell is connected with another one by the flow.

An algebraic code provided in https://community.wolfram.
com/groups/-/m/t/3079776 is available to compute the templex
properties from a generating templex of dimension 2. The code takes
as input a set of 2-cells spelled in terms of the indexed 0-cells, as
well as the digraph listing of the connections between the 2-cells.
It returns the indexed k-holes of the homology groups as well as
the torsion groups if there are any, the location of the joining loci,
if they exist, and the generatex/stripex set representing the non-
equivalent pathways. A generatex is a representative cycle of the
original digraph that starts in an outgoing node of a joining locus
and comes back to it. Two cycles in the digraph of a templex are
said to be equivalent if they share the same ingoing and outgoing
nodes. In general, there will be several equivalent cycles: a generatex
thus represents a family of equivalent closed paths around a join-
ing locus. To introduce the concept of stripex, we need to define the
order of a generatex. An order-p generatex, where p € Nand p > 1,
has p ingoing nodes. A generatex is a stripex if p = 1, and it is com-
posed of p stripexes if p # 1. For a complete set of definitions, we
refer the reader again to Sciamarella and Char6.”*

Let T(R) be the templex shown in Fig. 1(a), where R desig-
nates the point cloud obtained by integrating Eq. (1), K(R) is the
BRAMAH cell complex and D(R) is the digraph. The first panel dis-
plays a set of four 2-cells labeled y;, i = 1, 2, 3, 4. In the cell decompo-
sition mentioned above, we typically obtain around twenty 2-cells.
The number of 2-cells is purposefully reduced here for simplicity of

pubs.aip.org/aip/cha
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(b)

FIG. 1. A templex T(R) = (K(R), D(R)) for the spiral Rossler attractor. In the
cell complex K(R) (a) constructed upon the point cloud R, there are four 2-cells
named y; with i = 1 to 4. The joining line (0, 1) is marked in red and the 1-hole
[the generator of 741 (K(R))] in green. The digraph D(R) in (b) shows how the flow
connects the 2-cells. Stripexes S;(R) and S, (R) are indicated with oval-shaped
colored lines.

display. The corresponding digraph is shown in (b), with one node
per 2-cell and directed edges following the flow direction.

Let us now see how the templex properties are extracted from
T(R). We start with the homology groups, computed from K(R).
The complex has one 0-generator or 0-hole since all 0-cells are con-
nected between them, they are all homologous. Any of the 0-cells can
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play the role of generator of the zeroth order homology group. If the
representative 0-cell is labeled (0), this is written Ho(K(R)) = [(0)]
>~ Z. A complex with one 0-hole is simply a single-piece com-
plex. K(R) has only one 1-generator or 1-hole, shown in green
in Fig. 1. All the 1-holes, i.e., all the non-trivial loops encircling
the superficial void in the center of the disk are homologous
to the green chain of 1-cells. We can, therefore, write H;(K(R))
= [(1,3) + (3,6) — (1,6)] =~ Z. There are no 2-holes (no enclosed
cavities) and so H,(K(R)) >~ 0.

The Rossler attractor is hence a structure with a single 1-hole
contouring the fixed point in the main disk of the attractor. The
second fixed point is relatively far from the attractor, and leads to
the existence of a fold, not captured by homology groups, which
only capture voids. The fold is however related to the existence of
a joining locus in the templex. The joining locus is formed here by
three 2-cells: y; (outgoing), y; (ingoing), and y,4 (ingoing). The three
2-cells share the joining line (0, 1), the red 1-cell holding the three
joining 2-cells together, as shown in Fig. 1(a).

The existence of the joining locus leads to the possibility of
identifying distinct closed flow paths across the joining locus. Two
alternative paths are in fact available: one of them crosses the red
line without abandoning the disk, and the other one crosses the red
line through the folded part of the attractor. These two paths can be
extracted from the digraph of the templex. They form the generatex
set or stripex set—since both are of order p = 1. The stripexes are
labeled S; with j € N and computed automatically using the digraph,

SR=1—-2—->3—1,
SR =1—-2—>4—1.

Nodes corresponding to outgoing cell(s) are underlined: here only
node 1 plays that role. Notice that S;(R) U S,(R) is not empty: the
two stripexes share the edge connecting the first and the second
nodes (1 — 2). Shared paths in a templex (intersections between
stripexes) are called bonds, since they hold the non-equivalent path-
ways together. Thus, there are two alternative flow circuits from y;
back to y;: S; (R) traverses the joining line coming from y3, whereas
S,(R) traverses the joining line coming from y,. The branching of
paths is caused by the folding, and in this case, there is no “fault line”
or “notch” between the two paths. If there was such an empty space,
the complex would have had a second 1-hole around the space sep-
arating the two paths, but these two paths are glued together by the
1-cell (0,5) and therefore pass unnoticed in a homological analysis.
The fact that the Rossler attractor is a two-stripex flow is visible in
the digraph shown in Fig. 1(b).

A stripex is said to have a local twist if its free edges change
their relative positions with respect to the orientation from the cen-
ter of the attractor to the periphery. In our case study, the second
stripex S,(R) has a local twist. If S,(R) was isolated from the rest
of the templex, it would have a torsion as the Mobius strip, while
S1(R) would have no torsions at all, as in the cylinder or standard
strip' (see the Appendix). All the templex properties, namely, the
existence and location of (i) a single 1-hole in the complex, (ii) a sin-
gle joining line, (iii) two stripexes glued to each other, and (iv) alocal
twist in the most external of them, provide a complete topological
description of the attractor. For a templex-based study of different
well-known chaotic attractors, the reader is referred to Charé et al.”’

pubs.aip.org/aip/cha

11l. AMOC IDEALIZED MODELS

Let us now dive into the AMOC idealized models, starting with
the autonomous case, which has three degrees of freedom, derived
from the equations of motion for large-scale ocean dynamics. It
provides the conservation of heat, mass, and salt, as well as the
momentum equations along the three spatial directions. However,
the dynamics is simplified to reduce the problem to just one spatial
dimension by following a single streamline, as described by Sévellec
and Fedorov,®

w=—\w— Eﬂst,
. FySo
Spr = (820 + @)Sns — KSpr + W (2)

SNS = _(Qo + w)SBT — KSNS‘

The system appears to take the form of a modified Lorenz model in
which symmetry is broken.** The three model variables are anoma-
lies in the AMOC overturning rate (w) and the ocean’s vertical
(bottom-top) and meridional (north-south) salinity gradients (Spr
and Sy, respectively), each depending on time (¢). The steady com-
ponent of the circulation (denoted €2) is assumed to be set by mean
oceanic temperature gradients and surface winds, whereas the vari-
able part of the circulation (denoted w) is controlled by meridional
salinity gradients; the total overturning rate is Q = Qo + w, where €2,
Qo, and w are measured in yr~'. The two other equations describe
the evolution of the salinity gradients driven by advection, linear
damping (with the coefficient K), and surface salt fluxes (FySo/h,
where Fj is freshwater flux intensity, Sy is a reference salinity, and
h is the depth of the level of no motion for the baroclinic flow). For
a linear stability analysis of this equation system (fixed points, Jaco-
bian, eigenvalues, bifurcation diagram), the reader is referred to the
original paper.*

The second model we will consider is presented by Sévellec
and Fedorov'’ in 2015 to incorporate the interglacial phase. This
is achieved by assuming that glacial-interglacial variations in sea
ice cover control the northernmost extent of the AMOC, causing
it to move southward and northward. One of the important con-
sequences of this meridional shift in deep water formation and the
entire overturning circulation is its relative switch concerning mean
atmospheric precipitation. To investigate the leading-order effect of
such relative switches, the authors use a fixed latitudinal profile of
virtual surface salt flux (a sinusoidal function) but move the bound-
aries of the model basin southward during glacial intervals. The time
dependence of these changes is described by a sawtooth function
with a zero mean and a period of 100000 yr = 100 kyr—black line
in Fig. 2(b)—, chosen to mimic a typical glacial-interglacial cycle of
the Late Pleistocene. This time dependence leads to corresponding
periodic variations in the Fourier amplitudes Fgr and Fys (when the
edge of sea ice reaches 70°N, Fys is equal to the total surface salt flux
and Fpr=0, and vice versa when the edge of sea ice reaches 55°N;
such variations conserve ocean mean salinity). The three-variable
model becomes nonautonomous,

w=—\lw— Eﬂst,
Spr = (S + @)Sns — KSpr + Fpr(h), (3)
Sns = — (R0 + ©)Spr — KSys + Fys (1),
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FIG. 2. Solutions for slightly different initial conditions (blue and green lines) for Eq. (2) in (a), and for Egs. (3) and (4) in (b). The black sawtooth line is the time-dependent
forcing introduced by the position of the edge of sea ice (ESI). The values of the parameters are: Sg = 35psu, h = 1000m, A = 1072yr~", € = 0.35yr 2, @y = —2.5
x 1072yr=!, B =7 x 10~*psu~",in (a): Fo = 1myr~",in (b): Fo = 0.5myr', K = 0.0001.

where
. So o —if
FBT + IFNS = — e do (4)
Znh 0

are Fourier projections of the surface salt flux. Figure 2 shows the
time series for the simulated variations in the overturning rate (—w)
for two slightly different sets of initial conditions—solid blue and
green lines—for the autonomous (a) and the nonautonomous (b)
models.

Nonautonomous systems can, in principle, be rewritten in an
autonomous form at the price of scaling up in phase space dimen-
sion, as observed in Char¢ et al.”’ Topological methods based on
knot-theoretical tools, which are limited to three dimensions, are
unable to handle higher-dimensional solutions, but the templex
approach is a “knotless” method and can therefore deal with sys-
tems having more than three dependent variables. When the forcing
corresponds to a periodic function, the nonautonomous system can
be seen as driven by a one-degree-of-freedom oscillator. When the
forcing is periodic, this involves, in principle, two additional phase
space dimensions. As the relationship between the two extra vari-
ables Fpr and Fyg is fixed here [see Eq. (4)], only one of the two
variables will be required to obtain a false-neighbor-free solution.
This is in agreement with false nearest neighbor (FNN) tests.”* FNN
is an algorithm usually used for estimating the embedding dimen-
sion. The FNN method is based on the principle that, in the step
from dimension d to dimension d + 1, one can differentiate between

true and false neighbors. A false neighbor is a point in the dataset
that appears to be a neighbor only because the points are being
projected onto a lower-dimensional space. Here, we apply the FNN
technique to the normalized time series and identify the false neigh-
bors in the point cloud. Figure 3 highlights the regions where points
that appear to be close together in three dimensions are, in fact,
separated (thickening the structure) by the missing dimension. The
algorithm used to identify these points, as shown in Fig. 3, is avail-
able in Python at https://git.cima.fcen.uba.ar/caterina.mosto/fnn.
Notice that the four-dimensional thickening concerns mainly the
base disk and a relatively small fragment of the detaching strips.

IV. THREE-DIMENSIONAL SYSTEMS

The first task in our analysis is to compute a generating templex
for point cloud N € R? corresponding to the time window (from 0
to 120 kyr) in Fig. 2(a). The templex T(N) is composed of a complex
K(N) and a digraph D(N). The homologies of K(N) can be computed
from this cell complex. The results are as follows:

Ho(K(N)) = Z,
HI(K(N)) = [[hy, hy]] = 72,
H2(K(N)) = 0.

There is a single 0-hole, there are two 1-holes and no 2-holes. The
difference between the homologies of the Rossler’s case and that
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FIG. 3. Existence of false nearest neighbors in a three-dimensional projection of
the AMOC four-dimensional model (3). The points in red appear as closer than
they are when the fourth coordinate is added.

of N lies in the extra 1-hole (a non-trivial loop) located near the
extra fixed point of the system. The empty space associated with this
1-hole can be directly seen as the blank space detaching the 2-cells
of the main disk from those forming the detached branch in Fig. 4.

Templex T(N) has one joining locus, formed by the 1-cell that
is attaching the two ingoing 2-cells ys, y» to the only outgoing
2-cell y6. This is visible in the zoom box above Fig. 4(a). The
stripexes characterizing the non-equivalent paths traversing the
joining line are shown with oval-shaped closed curves in the digraph
of Fig. 4(b) and with schematic diagrams in Fig. 5. They read

SINN=6—->7—->8—>1->2—>3—>4—>5—>6

SIN)=6—-7—-8—->1>2—>3—->9—> 10— 11
—-12-—-13—-14—-> 15— 16— 17— 18 - 19
—-20—> 21 > 22 —>—> 23— 24— 25— 26— 27
— 28— 29— 6

The bond between the two stripexes is given by 6 — 7 — 8
— 1 — 2 — 3. The shared path splits at node number 3, leading
to 4 (in the first stripex) and to 9 (in the second stripex). The second
stripex S, has a local twist.

The point set N corresponds to a two-stripex attractor with
a twisted path in the peripheral part of the cell complex, as in

pubs.aip.org/aip/cha
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FIG. 4. Templex T(N) = (K(N), D(N)) of the AMOC three-dimensional point
cloud obtained solving Eq. (2). The 2-cells ;, i € N in the cell complex K(N) (a)
are connected by the flow as indicated by the digraph D(N) shown in (b). In the
zoom box above, we show the joining line (thick line) with the ingoing and outgoing
2-cells attached to it. Stripexes Sy (N) and S, (N) are indicated with oval-shaped
colored lines.

the Rossler case. However, the homological description differs: the
twisted stripex is detached from the main disk in N, whereas this is
not true for R. This detachment leads to the formation of an addi-
tional 1-hole, which causes S;(N) and S,(N) to separate at node
3, i.e., after the flow passes through y;. This tearing mechanism is
absent in R, making the two systems distinct in this aspect. In R,
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» separates S;(R) and S,(R) without tearing them apart, keeping
their lateral boundaries attached. In this context, homologies can be
used to differentiate between tearing and folding. Due to the addi-
tional 1-hole separating the two stripexes, the weakening regime of
the AMOC is separated from the strengthening regime by a void of
states that the solution cannot access.

In studies using knots, where the topology of the flow is con-
sidered independently of the structure serving as support, branched
manifolds composed of a normal and a twisted strip (with the strip
in a knot-holder being the precursor to the stripex) may be regarded
as topologically equivalent to the spiral Rossler attractor. However, it
is possible to distinguish different mechanisms leading to this topol-
ogy by examining the first-return maps to a Poincaré section of the
flow.*>*> Each monotone branch of the map corresponds to a strip.
If the two monotone branches are separated by a critical point where
the map is differentiable, as in the case of the spiral Rossler attractor,
folding occurs. If the map is non-differentiable, tearing occurs (as
in a cusp). An example of a two-strip attractor with tearing was pro-
posed by Rossler and Ortoleva,'® where tearing can also be identified
by the presence of an additional 1-hole.

Another characteristic of the AMOC three-variable model is
the joining line, which does not traverse the entire main disk as in
the spiral Rossler case. In N, the joining line is a narrow “slit” near
the center of the main disk, as shown in the zoom of Fig. 4(a). The
Rossler-Ortoleva attractor shares this feature with N (see Fig. 2 in
Rossler and Ortoleva®), as do systems with a Shilnikov’s saddle-
focus homoclinic orbit,'"'* where the flow is expelled and rein-
jected near the disk’s center. Another example can be found in the
case discussed by Rossler with an artificially composed Lorentzian
equation.”’

Figure 5 provides further illustration, offering a schematic
diagram of the stripexes in N.

(a)

FIG. 5. Schematic diagrams showing the two stripexes S; (N) in (a) and S, (N)
without the bonded part in (b) for templex T(N). Thick lines are used to highlight
the joining line in each diagram. Labels indicate how the two parts should be
assembled.
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V. FOUR-DIMENSIONAL SYSTEMS

In this section, we present the templex analysis of the model
corresponding to the original nonautonomous case, where chaotic
variability alternates with nearly steady ocean conditions. We work
with a single glacial-interglacial cycle yielding point cloud M € R*.
The additional state variable is Fgr.

Figure 6 shows the three-dimensional phase portrait of M
spanned by state variables w, Fys and Sys. Both the glacial and
the interglacial intervals are represented, as well as the transitions
between them. The point cloud M is dissected into four parts. Let
M= ULI M;, where M; e R* (i=1,...,4) and M,, M,, Ms, and
M, correspond to point sets related to the four sections in the time
series. Section M, corresponds to the glacial interval, characterized
by its chaotic dynamics. Sections M; and M; correspond to the tran-
sitions in and out of the glacial intervals, and M, corresponds to the
interglacial interval.

We will, therefore, construct and analyze T(M) = (K(M),
D(M)), the templex of the complete four-dimensional point cloud
M, taking into account the dissection, K(M) = U?:l K(M;), so that
K(M;) is the cell complex obtained from subset M;. The location of
the holes and stripexes of the dissected templex is accessible through
the 0-cells, whose coordinates in the cell complex are known by
construction. Indeed, the BRAMAH cell complex provides a link
between the topological and geometrical information, allowing for
a direct connection between the topological structure and the flow
in phase space.

One important caveat regarding the dissection of the templex is
that the topological properties of the subtemplexes should be consid-
ered with caution. A property such as a 1-hole in a subcomplex may
not correspond to a real void but simply indicate a missing section.
Just as with the figure of speech known as synecdoche, the whole
should not be mistaken for the part.

A. Glacial interval

Let us consider the glacial interval corresponding to subset
M, C M. When constructing K(M,) from the point cloud, we find
that the cells forming the disk at the base of the structure in N
have thickened in the additional coordinate, forming a filled or solid
torus. This is consistent with the FNN analysis presented in Fig. 3. A
filled torus has 3-cells (polyhedrons) rather than 2-cells (polygons),
but the homology groups remain the same if the 3-cells are flat-
tened and treated as 2-cells in the algebraic handling of homology
group generators. As in the four-dimensional case studied by Char6
et al.,” the thick disk will be approximated with 2-cells without loss
of generality. With this assumption, K(M,)—shown in Fig. 7—is a
BRAMAH subcomplex such that

Ho(K(My)) >~ Z,
Hi(K(My)) = [[hy, hy, hs]]] >~ 77,
H,(K(M,)) =~ 0.

As usual, there is only one connected component or 0-hole. In the
center of the subcomplex, we re-encounter a 1-hole (h;), but in this
case, h; is not associated with a focus-type hole as in N; rather, it is
associated with the fact that we are dealing with a subcomplex of M,
where this void is filled, as indicated in Sec. V C. We could refer to
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FIG. 6. In the left panel, the three-dimensional projection (w, Fgr and Sys) of the four-dimensional point cloud M = Uf:1 M; corresponding to the time series shown below,
where M; € R*, i = 1,2, 3,4 is associated with the four intervals. The chaotic part, corresponding to M,, is shown in the right panel using the w, Sgr, and Sys projection.
The colors of the w time series for M, and the trajectories in the phase portrait below correspond to the three stripexes Sy23(M,): the parts of S;(M,) and S3(M,) that
include the S;(M,) stripex corresponding to the base of the complex K(M,) are marked in red.

a sub-hole (of a sub-complex), but not to a hole a4 part entiére. The
two 1-holes (h,, h;) correspond to real voids between the stripexes
in the structure. As expected, there are no enclosed empty cavities.

There is a joining locus within M, near h;, which does not tra-
verse the entire disk, just as in N. The shared 1-cell is the hinge
attaching the following ingoing 2-cells: ys, y15, 10 and feeding the
outgoing 2-cell y, (underlined node). Let us now compute the
stripexes for M, restricting our analysis to the associated time win-
dow, i.e.,, momentarily disregarding M;, M5 and M,. We find three
stripexes, which are schematically represented in Fig. 8,

SM)=4—>5—->6—>1—>2—>3->4,

SSM)=4—-5—-6—>7—>8—>9—>10—> 11 - 12,
— 13 > 19 — 4,

SM)=4—-5—-6—>7—>8—>9—> 10— 11 — 12,
—- 14— 15— 16— 17— 18 — 4.

Local twists are found only in stripex S, (M,), which can be associ-
ated with the twisted stripex in N, namely, S,(N).

The latitudinal shift of the sea ice edge, absent in N, has clearly
altered the topological structure of the glacial chaotic regime, intro-
ducing a third stripex, S3(M,), separated from S,(M,) by hs. This
stripex is “new” in the sense that its cells visit regions of phase space

which remained unexplored in N. The sketch in Fig. 8 helps rec-
ognize the T(M,) stripexes in the projection spanned by w, Sgr,
and Sys.

Two regimes can be identified within the glacial interval of
the time series: the first regime, occurring in [5000 yr, 12 000 yr]
and [32000yr,35000vyr], presents an isolated extreme excursion
with w exceeding 0.04. In contrast, the second regime, operating in
[12 000 yr, 32 000 yr], features twin extremes: a higher peak followed
by a lower one, both above 0.04. Figure 6 (right panel) illustrates
how these two regimes correlate with the templex structure. The
first regime in the time series of the glacial interval corresponds to
the trajectory visiting stripex S; (M,) (in red) and S;(M,) (in violet),
where there is only one excursion far from the main disk, resulting
in a single extreme value (with @ above 0.04). The second regime,
occurring in the middle of the glacial interval, corresponds to the
trajectory visiting S; (M) (in red) and stripex S, (M) (in blue). This
twisted stripex features a double-loop excursion far from the base
disk, as shown in Fig. 8. The stripex structure thus explains the twin
peaks in the middle regime and the single peak in the regime at the
beginning and the end of the glacial interval.

These results can be compared with the time series of the lower-
dimensional system discussed in Sec. IV, where only two stripexes
were available: the main disk responsible for the low-amplitude,
slowly increasing peaks in w—stripex S;(IN)—and the double-peak
extreme excursions through the twisted stripex S,(N). The forcing
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FIG. 7. Three-dimensional projection of the cell complex K(M,) corresponding
to the glacial interval in the nonautonomous model.

thus introduces the single-peak extreme excursions, which occur
when the ESI values are either below —0.01 or above 0.05.

In light of these results, tipping points between different
regimes can be interpreted based on the sets of stripexes being vis-
ited. As the ESI values increase, the dynamics switches or “tips”
from visiting S ;(M,) to visiting S;,(M,), resulting in qualitative
differences in extreme excursions and typical peak values.

(a) (b)

S

pubs.aip.org/aip/cha

B. Interglacial interval

This subsection considers the cell structure corresponding to
the interglacial time window. The system abandons the glacial
section through stripex S3(M,), specifically through the cell labeled
13- The interglacial interval exhibits regular oscillations as the sys-
tem transitions in and out of the glacial interval. Between M; and
M,, there is My, with nearly steady conditions.

Topologically, the interglacial interval is represented by a union
of subcomplexes, namely, K(I) = K(M;) U K(M3) U K(M,). The cell
structure involves 2-cells in M, and M3, and a 1-cell in M,. These
cells are shown in Fig. 9 using the projection w, Sys, and Fgr, along
with the underlying point sets, all colored consistently with Fig. 6.

Transitions between the subsections of K(I) are signaled by
topological changes in the cell structure. Let us recall that the local
dimension «; rises from 2 to 3 when entering the solid torus—visited
by stripex S;(M;)—and drops from 2 to 1 when the orange surface
shrinks to the green line covered by the 1-cell labeled o in M,.

We are now in a position to analyze the finite-time templex
of the glacial and interglacial dynamics from the four-dimensional
point cloud, re-establishing the union of the subsets described
separately thus far.

C. Glacial-interglacial cycle

Let us now reassemble the sections into a unique cell complex
and digraph: templex T(M). The homologies of K(M) are

Ho(K(M)) =~ Z,
H(K(M)) = [[ha, h3]]] = 7,
H,(K(M)) =~ 0.

There is one connected component, as is customary. There are two
non-trivial 1-holes corresponding to slits separating the stripexes in
the chaotic phase, and there are no enclosed empty cavities. Here, we
confirm that sub-hole /; in M, is not a 1-hole in M. This is merely an
effect of the dissection of the time series; there is no central 1-hole in

)

FIG. 8. Schematic diagram showing the three stripexes (a) S1(Mz), (b) S2(Ms), and (c) S3(M-) without their bonded part in subtemplex T(M). The thick line highlights

the joining locus.
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FIG. 9. Interglacial subcomplex K (/) formed by K(M;) (with point set in yellow),
K (Ms) (with point set in orange) and K (Mj) (with point sent in green). The 2-cells
are labeled y;, i € N and the 1-cell in K(M,) is labeled o

the full complex for M. Cells y; with j = 21, ..., 25 (belonging to M)
fill b, in M,: this phase space region is visited when the trajectory
enters the interglacial interval.

Let us now compute the stripex set for M. Since there is a way
in M to escape from the three-stripex cycle of M,, T(M) contains a
fourth stripex attached to the three that already existed in T(M,),

SiM) = §1(My),
S (M) = 5(Ma),
S3(M) = S53(Mp),
SSM)=4—-5—-6—>7—->8—>9—->10—>11—> 12— 13
— 26— 27 = 28 — 29 — 30 - 31 — 32 — 33
—34—->20—>21—>22—>23>24—>25—>1—>2
— 3> 4.

From a topological perspective, the trajectory exits the glacial
phase due to the existence of a splitting locus in cell y;; (belong-
ing to S; in M,), which allows the flow to “tip” to ys, as shown in
Fig. 10. Since the glacial interval is exited via S;(M,), the w time
series exhibits single-peak excursions with w values exceeding 0.04
before entering the interglacial interval. In other words, it is the
regime S, ; in M,, followed by the quasi-periodic oscillations in M3
underlying Sy (cells 136 33), that suggest the existence of a topo-
logical sign of the incoming interglacial interval. On the other hand,
the trajectory switches or “tips” from the interglacial interval to the
glacial one through cells or nodes y2_.»5, which lead inexorably to y;.
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FIG. 10. Digraph D(M) of the glacial-interglacial time interval. The edges
between nodes y13... 33, followed by o, and then by 151 correspond to the
interglacial interval. The four stripexes are shown as colored lines, all consistent
with Figs. 6 and 9. S4(M) is the only one that visits both the interglacial and glacial
intervals.

Here, the oscillations of increasing amplitude in M;, represented by
the 2-cells following the 1-cell o in Sy, seem to constitute a topolog-
ical early warning signal (EWS) of the incoming glacial interval. The
changes in the local maximal dimension of the cell complex should
correspond to an increase in variance, which is consistent with the
statistical EWS approach to AMOC collapse.***

To assemble the results of the topological analysis of M into a
single picture that illustrates the topological transformations or tip-
ping points occurring within M, we introduce the concept of active
templex properties. In simple terms, when a templex property, such
as a stripex, is not visited for a certain time, it is considered inactive
or silent. The same applies to a 1-hole that ceases to be surrounded
by the trajectory, thereby becoming silent or inactive. Hereafter, we
will refer to active holes or active stripexes concerning a specific time
window and its associated subtemplex. This concept is summarized
in the table provided in Fig. 11, using the w time series as reference.

M, M, M, M,
time | ‘ ' "
series ‘ r—
active
1-holes | — hi,ho, ks — o
"
st:icple\;ees S Sua Stz S13| Sa Sy

FIG. 11. Active holes and stripexes for the four subsets in templex T(M).

Chaos 35, 013113 (2025); doi: 10.1063/5.0231713
© Author(s) 2025

35, 013113-11

Z1:SG:/1 620z Atenuer /0


https://pubs.aip.org/aip/cha

Chaos ARTICLE pubs.aip.org/aip/cha

(A)

(B)
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(D)

FIG. 12. Point clouds extracted from snapshots in the PBA approach corre-
sponding to probability densities above —22 in log scale for (a) {, = —175kyr,
(b) —150kyr, (c) —100 kyr and (d) —125 kyr. Computations start 5 kyr before f;.
Templex cells are shown in juxtaposition.

Point clouds M;, M3, and M, do not possess any active 1-holes;
the three 1-holes, h;, hy, and hs, are only active for cloud M,. The
stripexes S1, S2, and S3 are active in M,. We can discriminate
between the two regimes within the glacial interval in terms of active

stripexes: Sy ; at the beginning and end of the M, interval, and S,
in the middle. During the interglacial interval, which covers I (Mj,
M3, and M,), the only active stripex is S4. It is noteworthy that S,
remains bonded to the glacial part of the templex. Note also that the
part of S4 C Iis composed of cells with progressively lower «; (from
3-cells to 2-cells and 1-cells). Subsequently, the local dimension of
the subcomplexes increases again to reach a new chaotic burst.

It is important to emphasize that our templex is constructed
from a single glacial-interglacial cycle, meaning that the non-
bonded part of stripex S; is visited only once. The templex structure
remains consistent across all the cycles we have considered, pro-
vided that each cycle is analyzed separately. However, if the solution
used to build the templex encompasses multiple interglacial-glacial
cycles, the resulting structure will display features not studied here.
A multi-cycle templex for the non-autonomous case is left for future
work.

VI. PULLBACK APPROACH

Nonautonomous systems are often studied using the concept of
pullback attraction, which generalizes global attractors for nonau-
tonomous systems.’"* Pullback attractors describe the long-term
behavior of a system as it is “pulled back” in time, offering insight
into how trajectories evolve in varying environments.”

The nonautonomous idealized model of the AMOC has been
analyzed by its authors through the lens of pullback attraction.
Figure 12 presents four snapshots in the pullback sense,"” juxtaposed
with different subsets of K(M). In gray, we plot the points represent-
ing the highest density regions, along with the subcomplexes in the
(, Sns» Fpr) projection of the four-dimensional phase space.

The four snapshots of the pullback attractor are obtained for
different values of (ty, t), where f; is the initialization time and ¢ is
the diagnostic time. Computations start 5kyr before #,. In the first
frame (A), the pullback point set lands along the cells in S, (M)
in accordance with the value of ¢, = —175kyr. In the second snap-
shot (B), the highest density regions visit the cells in &;(M) and
the periphery of S;(M), as expected for tp = —150 kyr. In (C), the
pullback attractor is concentrated in the interglacial part of S;(M)
corresponding to Mz, C I, in agreement with t, = —100kyr. In (D),
with t, = —125kyr, the central parts of S ; take the lead.

The time-varying point sets of the evolving pullback attractor
can hence be translated into the varying active properties of our
templex. T(M) supports the highest density regions (the most vis-
ited parts of the three-variable phase space) obtained from a very
large number of numerical experiments (two million), each with
different initial conditions. Let us note that calculating the pull-
back attractor for the idealized nonautonomous model requires as
much numerical effort as simulating several decades with a state-
of-the-art ocean general circulation model. This result suggests that
the most populated stripexes of the idealized model are contained
within our finite-time templex, which was constructed from a sin-
gle glacial-interglacial cycle and a single numerical experiment (one
initial condition). Taking into account the juxtaposition of the snap-
shots upon T(M), we can conclude that the not-yet-constructed
multi-cycle templex may have extra stripexes, but these should
correspond to seldom-visited ones. Using first-return maps to the
Poincaré section of the flow should help confirm this.
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VII. CONCLUSIONS

This work shows that tipping points in a deterministic dynami-
cal system’s behavior can be effectively analyzed through changes in
the topological active properties of its phase space flow, which can
be accurately detected using the templex approach. The method-
ology is applied to a recently proposed idealized model of the
Atlantic Meridional Overturning Circulation in autonomous and
nonautonomous settings. In the autonomous case, the model mim-
ics the chaotic variability of the glacial intervals using three vari-
ables: the anomalies in the overturning rate, the bottom-top, and
the north-south salinity gradient. In the nonautonomous case,
the model takes into account the glacial-interglacial variations in
the sea ice cover. The fourth variable is the Fourier projection
of the bottom-top surface-salt flux.

The templex is a mathematical object based on the definition
of a cell complex. Composed of cells of different dimensions that
are glued together, a cell complex allows for the computation of
topological properties that do not depend on the specific number
or arrangement of cells. These properties may include torsions and
voids, referred to as holes, which are quantified through homol-
ogy groups derived from the cell structure. These groups reveal the
presence of connected components (at level 0), non-trivial loops (at
level 1), empty cavities (at level 2) and higher-dimensional voids,
thus providing a layered description of the topology of the structure.
In chaos topology, this structure often takes the form of a mani-
fold with branches. A special type of cell complex called BRAMAH
can be constructed to describe features such as joining (splitting)
loci, where branches merge (separate). The main difference between
a templex and a cell complex is that the templex incorporates the
“arrows” of a flow on the cell structure. A templex is therefore a
BRAMAH cell complex endowed with a directed graph, which car-
ries information about how the cells are connected by the flow. As a
result, templex properties not only describe the topology of a struc-
tured point cloud in a phase space of arbitrary dimensions, but also
the topologically distinct cyclic paths allowed by the flow around
that structure. The structure itself is characterized by holes, torsions,
and joining or splitting loci, while the flow is represented by the
generatex/stripex set, which corresponds to a set of non-equivalent
pathways around the joining loci.

In the autonomous case, the chaotic oscillations represent the
irregular strengthening and weakening of the AMOC associated
with the Dansgaard-Oeschger events. The rapid switches between
these on- and off-phases correspond to a branched manifold with
two 1-holes and two stripexes, one of which is twisted. One of the
1-holes is of the focus type: the empty space is circled by the flow.
The other 1-hole is associated with a tearing of the flow, which
creates an empty gap between the two stripexes. The circulation
weakening is directly related to the twisted stripex.

In the nonautonomous scenario, when the driving force is
active, the dynamics can be embedded in four dimensions with-
out false neighbors. A third stripex and a third 1-hole appear in
this context, located in regions of phase space that remained unex-
plored in the projection spanned by the three variables of the
autonomous model. Stripexes have parts in common that keep them
bonded, but the interesting part of the dynamics is given by their
non-overlapping parts. Two regimes can be distinguished based on
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how the stripexes are visited: one of these, associated with the two
stripexes already present in the autonomous case, exhibits a dou-
ble peak during the weakening phase, while the other shows a single
peak.

The term active templex properties is introduced in the nonau-
tonomous case to characterize the topological changes induced
by external forcing. These properties, which may or may not be
observed in a subtemplex during a given time interval, are referred
to as active or silent. For instance, in the nonautonomous model,
the three 1-holes are active only during the chaotic burst and remain
silent during the interglacial interval. Another key templex property
is the local dimension of the cell complexes, which marks topological
jumps in the time series. The local dimension of the cell structure is
1 during nearly steady intervals, 2 during quasi-periodic transitions,
and rises to 3 during chaotic bursts. Tipping points can therefore be
identified as the cells or nodes where the trajectory switches from
one set of active properties to another. Early warning signals can
also be formulated using the topological terms of this approach, as
both the glacial and interglacial intervals are preceded by specific
topological indicators. In contrast, there are no tipping points in
the autonomous case, as all templex properties remain continuously
active.

An important comment is necessary regarding how the tem-
plexes in this work were constructed. They are all finite-time objects
in the sense that they are built from finite time series, but there
are significant differences in terms of the number of cycles in
the time series considered for building the three-variable and the
four-variable templexes. The two stripexes of the autonomous case
correspond to approximately twenty strengthening and weakening
cycles; thus, the two stripexes are visited around twenty times. In
contrast, the interglacial interval, which is only reproduced by the
nonautonomous model, is traveled only once in the point cloud
used for the topological study. As far as we could test, the nonau-
tonomous templex properties seem to remain unchanged for differ-
ent glacial-interglacial cycles, as long as each cycle is investigated on
its own. Of course, a nonautonomous multi-cycle templex structure
is expected to present more complex interglacial properties related
to the repeated visits of different interglacial intervals. This aspect
has been left out of the scope of this study but will be considered in
a separate work.

When the nonautonomous templex properties are compared
with the analysis of the nonautonomous model conducted using the
pullback approach, the templex from our study serves as support for
the points corresponding to high probability densities of the pull-
back attractor. The most populated regions of snapshots computed
for different initializations and diagnostic times from two million
numerical experiments'’ land within our nonautonomous templex.
This suggests that our topological results are robust enough to
describe the most visited stripexes of the idealized nonautonomous
model, despite being constructed from a single glacial-interglacial
time window based on only one numerical integration.

In conclusion, the templex approach has proven useful for
detecting early warning signals and tipping points of AMOC
collapse,”™" formulated in terms of topological active properties.
This opens up the possibility of using the templex method to detect
AMOC tipping points under different forcings. Such analyses could
be conducted through the examination of state-of-the-art climate
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model simulations from both the historical period and future pro-
jections provided by the Coupled Model Intercomparison Project.”’
This will also be the focus of future work.
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APPENDIX: PLANAR DIAGRAMS

In algebraic topology, planar diagrams are used as a visual and
combinatorial tool to represent cell complexes corresponding to
higher-dimensional objects in a flat form, with gluing instructions

P U P
\Y)
o -
Q
Q Vv Q

FIG. 13. Planar diagram corresponding to a complex with a single 2-cell for a
standard band.

pubs.aip.org/aip/cha

Y
P u Q
o <
Q v P
U

FIG. 14. Planar diagram corresponding to a complex with a single 2-cell for a
Mabius band.

indicated by repeating the labels of points or 0-cells to be joined,
just as one would when assembling a paper model.

Figure 13 shows a planar diagram for a cell complex with a
single 2-cell labeled « and 0-cells labeled P, Q, U, and V. By tak-
ing a rectangular piece of paper and gluing the left and right edges
together, making the repeated labels coincide, a cylinder is formed.
The cylinder can then be deformed into a standard band: a disk with
a hole in the middle.

Gluing instructions are crucial: if the repeated labels are posi-
tioned differently on the rectangular paper, a Mobius band can be
formed instead of the standard band, as shown in Fig. 14. In both
cases, the associated cell complex has a single 2-cell &, but the 1-cells
and 0-cells are assembled differently.

We can, of course, construct planar diagrams for the cell com-
plexes throughout our work. Let us start with point set N. The planar
diagram shown in Fig. 15 is drawn using the same labels as those in
the schematic diagram of Fig. 5. The simplified cell complex K'(N)
has two 2-cells labeled y; and y,, corresponding to y;..s and ys..2
in Fig. 4. Thick lines are used to indicate the joining locus in the cell
complex. Five 0-cells are being used: P, Q, R, S, and W.

Let us consider the point set in Fig. 7 along with its schematic
diagram in Fig. 8. The corresponding planar diagram is shown in

P Q R S Q P

FIG. 15. Planar diagram corresponding to a simplified cell complex K’ (N). Thick
lines indicate joining lines.
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(b)

FIG. 16. Planar diagrams corresponding to (a) a simplified cell complex K’ (M) with only five 2-cells labeled y; , 5 45, and (b) a simplified cell complex K’ (M) corresponding

to the glacial-interglacial time interval. The thick lines corresponding to the joining locus.

Fig. 16(a). The simplified cell complex is labeled K'(M,). Note that
the 2-cells in the main disk actually represent 3-cells that have been
flattened.

A planar diagram of a simplified cell complex K'(M) is given
in Fig. 16(b). The rectangle at the top corresponds to the main disk.
The labels correspond to the schematic diagrams in Fig. 8. The 1-cell
o in Fig. 9 is shown here with its label in K(I).
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