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Abstract

This paper deals with the joint diagonalization problem of a set of non-Hermitian

matrices. It generalizes the first-order approximation used in the Fast Frobenius

Diagonalization algorithm for Hermitian matrices to handle the non-Hermitian

case. In the case of non-unitary diagonalization, the proposed Generalized

(G)FFDiag algorithm outperforms the state-of-the-art algorithms and ensures

fast convergence while reducing computational complexity. In the case of uni-

tary diagonalization, we propose the Unitary (U)GFFDiag algorithm that fol-

lows the same framework as the GFFDiag algorithm and includes a final step

that ensures the unitary constraint. Two variants are proposed depending on

whether the unitary constraint is exact or approximated. The efficacy of GFF-

Diag and UGFFDiag is demonstrated by numerical experiments, including val-

idation on real-world data, which indicate that these algorithms outperform

existing algorithms in terms of computational efficiency and accuracy, particu-

larly when dealing with a small number of large size matrices. The flexibility of

these algorithms is highlighted by their applicability to both unitary and non-

unitary diagonalization, as well as to rectangular and square matrices, thereby
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expanding their relevance across a wide range of applications.

Keywords: Joint matrix diagonalization, Blind source separation, Canonical

Polyadic Decomposition, non-Hermitian, Higher-order singular value

decomposition.

1. Introduction

Joint matrix Diagonalization (JD) and its generalization into tensor decom-

position are well-established data analysis and signal processing techniques. For

instance, those techniques are used to solve problems such as Independent Com-

ponent Analysis [1][2], Blind Source Separation (BSS) [3][4][5][6][7], image de-

noising [8], radar tracking [9][10] and channel estimation in Multiple-Input and

Multiple-Output (MIMO) telecommunications systems [11][12][13].

Joint Diagonalization (JD) usually refers generally to one of two distinct ap-

proaches: joint diagonalization by congruence (wherein the left diagonalization

matrix is the transpose of the right one) and joint diagonalization by similarity

(wherein the left diagonalization matrix is the inverse of the right one). The

latter is also known as joint eigenvalue decomposition. This paper addresses a

more general JD problem, which aims to identify a common pair of diagonal-

ization matrices able to achieve joint diagonalization of a given set of matrices.

It should be noted that the left and right diagonalization matrices are not nec-

essarily related (for example, through an inverse, pseudo-inverse, or transpose),

and they may be rectangular. Therefore, JD by congruence and JD by similarity

represent special cases of the considered generalized problem.

Based on the JD of fourth-order and second-order moments, respectively,

JADE [1] and SOBI [14] are among the prominent JD algorithms addressing

the BSS problem. Other JD algorithms, such as in [3][15][6][16][17], were later

proposed. Two classes of algorithms can be distinguished: orthogonal JD al-

gorithms [1][14][5] and non-orthogonal JD algorithms [3][15][6][16][17][18]. The

first class constrains the diagonalizing matrix to be orthogonal and typically

requires pre-whitening the data to perform BSS. In contrast, non-orthogonal
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JD algorithms are more general, requiring only that the diagonalizing matrix to

be non-singular.

Non-Hermitian (or Non-Symmetrical in the case of real data) Joint matrix

Diagonalization (NHJD) has attracted many researchers’ attention lately [19][20][21]

[22][23][24][25]. The NHJD aims to find a diagonalization pair of matrices,

equivalent to left and right Singular Value Decomposition (SVD) matrices (not

necessarily orthogonal), that can diagonalize a set of matrices.

The NHJD formulation is more general and interesting compared to the

Hermitian case. For instance, in conventional instantaneous BSS methods, the

target matrices are typically intra-set statistics of a dataset, such as time-shifted

covariance matrices with a symmetric or Hermitian inherent structure. However,

the growing availability of multi-set signals has presented new challenges that

address the inter-set statistics. For instance, in the convolutive BSS context, the

intra-set independence is considered for each frequency bin, and the inter-set

dependence is related to the cross-frequency dependencies [26].

Exploiting these inter-dependencies between datasets increases the separa-

tion efficiency in comparison to the separation achievable with each dataset

separately. In addition, it reduces the permutation ambiguity to a unique com-

mon permutation matrix, i.e. it aligns the separated sources across datasets[5].

Those assumptions are also widely used in multi-set biomedical data fusion

(fMRI, EEG, MEG) [27].

Authors in [20] proposed an approach to the orthogonal NHJD problem

that alternates between two principal eigenvector problems. These are solved

using either the Jacobi iterations technique or the power method combined with

Lödwin symmetric orthonormalization. The same alternating technique was

adopted in [21] in the non-orthogonal case and applied to operational modal

analysis. Subsequently, Jacobi-like algorithms were proposed in [22] and [23]

for both the orthogonal and non-orthogonal cases. Both algorithms minimize

the off-diagonal criterion with a reduced computational complexity. In their

study [24], the authors proposed a solution based on the minimization of the

least-squares criterion, which proved to be more robust to noise than previous
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methods.

The NHJD problem can be expressed as a third-order tensor decomposition

known as Canonical Polyadic Decomposition (CPD)[28]. This can be seen nat-

urally as the generalization of matrix JD while dealing with multidimensional

data that can be structured in tensors of higher order. The connection between

Tensor diagonalization and Independent Component Analysis (ICA) was ini-

tially studied in [29] where the solution proposed was based on a Jacobi-like

iteration algorithm. Later, in [30] and [31], the link between tensor CPD and

simultaneous JD of matrices was studied and this formulation was applied for

BSS. The formulation of Joint Eigenvalue Decomposition (JD by similarity),

has also been linked to the CPD, as discussed in [32][33], using a semi-algebraic

framework. This framework was extended in [34] and [35], for non-orthogonal

simultaneous diagonalization of any order complex tensors and applied to digital

telecommunications source separation.

Authors in [25] considered the unitary joint diagonalization case for a set

of nonsymmetric higher-order tensors (three or higher). This is also known

in the literature as the Higher-Order version of Singular Value Decomposition

(HOSVD) for third-order tensors.

Paper contributions

This paper proposes a fast algorithm based on the off-diagonal criterion for

joint diagonalization of a set of non-Hermitian matrices. First, the non-unitary

case is considered and a first-order approximation as the one proposed in the

FFDiag algorithm [15] for the symmetrical case is developed. The resulting

solution requires inversion and multiplication of large matrices. Furthermore,

we expand the calculation and we propose a fast version algorithm GFFDiag

where the overall complexity is reduced. The proposed algorithm GFFDiag,

compared to the state-of-the-art, reaches approximately the same performance

while having a reduced complexity. The key advantage in terms of performance,

can be seen in the case of fewer matrices to diagonalize compared to the matri-

ces’ dimensions. Initially developed for the square case, the proposed GFFDiag
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algorithm can also be extended to handle the rectangular case, enhancing its

versatility. This flexibility allows it to serve as a general Canonical Polyadic

Decomposition (CPD) algorithm for third-order tensors, extending its applica-

bility to a wider range of problems. In the case of unitary diagonalization, we

propose the UGFFDiag algorithm, which has the same framework as the GFF-

Diag algorithm, followed by a final step that ensures the unitary constraint.

Two variants are proposed depending on whether the unitary constraint is ex-

act or approximated. Finally, the proposed algorithms were validated through

numerical simulations using both synthetic data and real-world examples.

Paper notations

The notations x, x, X, and X denote a scalar, a vector, a matrix, and

a tensor, respectively. For a matrix A ∈ Cd×p, Aij denotes its ij-th el-

ement. The notations (.)∗, (.)H and (.)T are the complex conjugate oper-

ator, the complex conjugate transpose, and the transpose operator, respec-

tively. Ip is the p × p identity matrix. We define the Frobenius norm of A

by ∥A∥F ≜
√∑d

i=1

∑p
j=1 |Aij |2 =

√
Tr(AAH) where Tr(.) is the trace func-

tion. Assuming p < d, the Moore-Penrose pseudo inverse is designated by

A† = (AHA)−1AH and (.)−1 is inverse operator of a square matrix. The mul-

tiplication ⊗k denotes the tensor-matrix multiplication along the dimension k,

known also as the k-mode product. The function off(.) is the off-diagonal oper-

ator that sets all diagonal elements of the argument to zero. The operator E[.]

denotes the statistical expectation.

2. Data model and problem formulation

Let us consider a set of of N1×N2 complex non-Hermitian matrices Ck that

admit the same common decomposition:

Ck = A1DkA
H
2 +Ek for k = 1, ...,K (1)

where Dk ∈ CN×N are diagonal matrices for all k = 1, ...,K. A1 ∈ CN1×N and

A2 ∈ CN2×N are two full column rank mixing matrices. The noise matrices Ek ∈
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CN×N for k = 1, ...,K express different types of modelling and/or estimation

errors. We consider, without loss of generality, the square case where N1 =

N2 = N . The rectangular case will be discussed at the end of 3.1 subsection.

This model is used in many signal processing applications. For instance,

the Joint BSS [27] problem exploits the dependence between two data sets by

considering the time-delay cross-covariance matrices which would follow the

model in (1) under mild assumptions. Furthermore, if we consider A1 = A2,

the model in (1) is reduced to the hermitian case which was studied intensively,

especially for second-order or fourth-order statistics.

The aim of NHJD is to find the complex N ×N full column rank matrices

B1 and B2, called separation (diagoalization) matrices such that the matrices

D̂k = B1CkB
H
2 are as diagonal as possible for all k = 1, ...,K.

In the noiseless case, the considered problem is also equivalent to the Canon-

ical Polyadic Decomposition (CPD) of the third-order tensor

C = D ⊗1 A1 ⊗2 A
∗
2 (2)

where D ∈ CN×N×K is the third-order tensor made from stacking the diagonal

matrices Dk for k = 1, ...,K and ⊗i refers to the ith mode tensor product.

Hence, our proposed algorithm can be used to solve the problem of the CPD in

the case of third-order tensors.

To resolve the above problem, many objective criteria were extended from

those first proposed to address the Hermitian case [6]. In this work, we have

considered minimizing the off-diagonal elements of the reconstructed diagonal

matrices D̂k:

min
B1,B2

K∑
k=1

∥off(D̂k)∥2F = min
B1,B2

K∑
k=1

∥off(B1CkB
H
2 )∥2F (3)

The solution to this problem is unique, under some mild assumptions, up to a

scaling and permutation indeterminacy. Actually, if {B̂1, B̂2, D̂k for k =

1, ...,K} is a solution, then for any permutation matrix P ∈ RN×N

and any scaling diagonal matrices ∆1 and ∆2 ∈ CN×N , the set

{B̂1∆1P, B̂2∆2P,PT∆−1
1 D̂k∆

−H
2 P for k = 1, ...,K} is also a solution.
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In some applications such as data analysis and dimension reduction, the joint

diagonalization problem is restricted by the unitary constraint. In that case, the

separations matrices B1 and B2 must be unitary. This is a generalization of the

SVD from matrices into third-order tensors. Hence, the optimization problem

is given by

min
B1,B2

K∑
k=1

∥off(B1CkB
H
2 )∥2F subject to

{BH
1 B1 = IN

BH
2 B2 = IN

(4)

FFDiag algorithm

The FFDiag algorithm introduced in [3], and later in [15] solves the JD

problem of symmetrical (Hermitian) matrices. It has one of the least computa-

tional complexity compared to other algorithms while providing a comparable

performance in terms of estimation errors [15] [36]. The considered criterion is

formulated as in (3) with B1 = B2 = B, and an iterative minimization pro-

cedure is developed based on a multiplicative update given at the ith iteration

by

Bi+1 = (IN + Zi)Bi (5)

where the N ×N complex matrix Zi has a null diagonal. The full column rank

constraint on the diagonalization matrix B is ensured at each iteration based

on the Levi-Desplanques theorem, i.e. B is forced to be strictly diagonally

dominant [15]. The computational efficiency of the algorithm is due to the

first-order approximation of the cost function which results in the closed-form

solution. A detailed discussion of the generalization of this method for the

non-hermitian case will be in the next section.

3. Proposed method

The proposed method is a generalization of the FFDiag [15] algorithm from

the Hermitian case where A1 = A2 to the non-Hermitian case where A1 ̸= A2.

7



3.1. Non-unitary case

The main proposed algorithm is developed for non-unitary joint diagonal-

ization of non-Hermitian matrices. We propose to solve Eq. (3) by updating the

matrices B1 and B2 iteratively in same way as in (5) such that:

Bi+1
m = (IN + Zi

m)Bi
m for m = 1, 2 (6)

where both matrices Zi
1 ∈ CN×N and Zi

2 ∈ CN×N have a null diagonal. The

superscript i is used as an indicator for the ith iteration number.

The stability of such a method is related to the invertibility of the matrices

B1 and B2 at each iteration i. The invertibility of B1 and B2 translates the

invertibility of the mixing matrices A1 and A2 (i.e. ideally B1 = A−1
1 and

B2 = A−1
2 ). When these matrices are singular or ill-conditioned, this inverse

problem becomes difficult, e.g. [37][38], and the JD algorithms may suffer from

poor convergence or instability.

Considering that Bi
1 and Bi

2 are full-rank matrices, then, at the (i + 1)th

iteration, one has to ensure that IN + Zi
1 and IN + Zi

2 are also invertible. The

latter can be carried out by forcing these matrices to be strictly diagonally dom-

inant according to the Levi-Desplanques theorem. In our case, this is equivalent

to ∑
j ̸=l

|(Zi
m)lj | < 1 for each row 1 ≤ l ≤ N for m = 1, 2 (7)

This will be handled using a normalization step such that:

If ||Zi
m||F > 1 then Zi

m = Zi
m/||Zi

m||F for m = 1, 2 (8)

One can use different scalar parameters instead of ||Zi
m||F , for instance, choosing

optimal values that minimize the criterion in Eq. (3) under the constraint that

the strictly diagonally dominant condition remains verified. Such a choice can

reduce the number of iterations required until convergence. However, it will

increase the computational complexity of the algorithm.

Using the normalization described in Eq. (8), the updating method will

reduce the optimization problem at the ith iteration into
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min
Zi

1,Z
i
2

K∑
k=1

∥off
(
(IN + Zi

1)B
i
1CkB

iH
2 (IN + Zi

2)
H
)
∥2F (9)

We define Fi+1
k as

Fi+1
k = (IN + Zi

1)B
i
1CkB

iH
2 (IN + Zi

2)
H (10)

such that our objective function of Eq. (9) can be expressed as:

min
Z1,Z2

K∑
k=1

∥off
(
Fi+1

k

)
∥2F (11)

Hence, one has

Fi
k = Bi

1CkB
iH
2 (12)

and we can write that

Fi+1
k = (IN + Zi

1)F
i
k(IN + Zi

2)
H (13)

we decompose the Fi
k in such way that

Fi
k = Di

k +Ei
k (14)

where Di
k is a N ×N complex diagonal matrix and Ei

k is the N ×N complex

matrix with a null diagonal. Hence, we expand Eq. (13), into

Fi+1
k =(I+ Zi

1)(D
i
k +Ei

k)(I+ Zi
2)

H
(15)

=Di
k + Zi

1D
i
k +Di

kZ2
iH +Ei

k + Zi
1E

i
k

+Ei
kZ2

iH + Zi
1D

i
kZ2

iH + Zi
1E

i
kZ2

iH (16)

Let us suppose that we are close to converging into a diagonalization solution,

that means, the matrices Ei
k,Z

i
1 and Zi

2 have small values. This will allow us to

use a first-order approximation of the above equation by neglecting the terms:

Zi
1E

i
k, E

i
kZ2

iH , Zi
1D

i
kZ2

iH and Zi
1E

i
kZ2

iH .

Fi+1
k ≈ Di

k + Zi
1D

i
k +Di

kZ2
iH +Ei

k (17)
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Thus, this leaves us with an approximated optimization problem

min
Zi

1,Z
i
2

K∑
k=1

∥off
(
Di

k + Zi
1D

i
k +Di

kZ2
iH +Ei

k

)
∥2F (18)

Since all the matrices Di
k are diagonal, we can rewrite the optimization problem

as:

min
Zi

1,Z
i
2

K∑
k=1

∑
l ̸=j

|(Zi
1D

i
k +Di

kZ2
iH +Ei

k)lj |2 (19)

We define vectors z and e by stacking the elements of the matrices Zi
1, Z

i
2

and Ei
k such that

zi = ((Zi
1)12, (Z

i
2)

∗
21, (Z

i
1)21, (Z

i
2)

∗
12, · · · ,

(Zi
1)lj , (Z

i
2)

∗
jl, (Z

i
1)jl, (Z

i
2)

∗
lj , · · · )T (20)

ei = ((Ei
1)12, (E

i
1)21, · · · , (Ei

1)lj , (E
i
1)jl,

· · · , (Ei
k)lj , (E

i
k)jl, · · · )T (21)

This vectorization step allows us to reformulate the problem in Eq. (19) into

the linear least-squares problem

min
zi

(Jizi + ei)H(Jizi + ei) (22)

where the NK(N − 1)× 2N(N − 1) complex matrix Ji is given by

Ji =


Ji
1

...

Ji
K

 (23)

Ji
k =



[Di
k]12 0

. . .

[Di
k]lj

. . .

0 [Di
k]NN−1


(24)
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where Ji
k are block-diagonal matrices, composed of the 4 × 2 block-diagonal

complex matrices [Di
k]lj which are designed such that

[Di
k]lj =

(Di
k)jj (Di

k)ll 0 0

0 0 (Di
k)ll (Di

k)jj

 (25)

for k = 1, ...,K and for each 1 ≤ l < j ≤ N . This linear least-square problem

has a well-known solution given by

zi = −Ji†ei = −(JiHJi)−1JiHei (26)

An algorithm based on applying Eq. (26) iteratively, will be impractical due to

the storage required and the computational power needed to handle the matrix

Ji and calculate its pseudo-inverse. However, the structure of the matrix Ji will

allow us to drastically reduce the required resources. Let us start by expanding

the product JiHJi into a block-diagonal matrix given by

JiHJi =



∑
k [Di

k]12
H
[Di

k]12 0

. . . ∑
k [Di

k]lj
H
[Di

k]lj
. . .

0
∑

k [Di
k]NN−1

H
[Di

k]NN−1


(27)

The matrix inversion (JiHJi)−1 can be avoided due to the block-diagonal struc-

ture. Thus, one can solve our linear problem using simple operations given

by

(Zi
1)lj = (αl,jβl,j − αl,lγj,l)/ρl,j (28)

(Zi
1)jl = (α∗

l,jβj,l − αj,jγl,j)/ρl,j (29)

(Zi
2)lj = (αl,jγ

∗
j,l − αj,jβ

∗
l,j)/ρl,j (30)

(Zi
2)jl = (α∗

l,jγ
∗
l,j − αl,lβj,l)/ρl,j (31)
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where αl,j , βl,j , γl,j and ρl,j are given by

αl,j =

K∑
k=1

(Di
k)ll(D

i
k)

∗
jj (32)

βl,j =

K∑
k=1

(Di
k)

∗
ll(E

i
k)lj (33)

γl,j =

K∑
k=1

(Di
k)

∗
ll(E

i
k)

∗
jl (34)

ρl,j = αl,lαj,j − α∗
l,jαl,j (35)

Recall that only the off-diagonal elements (l ̸= j) need to be calculated, and

the diagonal terms of Zi
1 and Zi

2 are set to zero. Compared to a solution

based on applying Eq. (26), where performing inversion and multiplication of

large matrices would have made the computational complexity of the order of

O(KN6), in the new proposed methodology, the computational complexity is

notably reduced to O(KN3). This reduction in complexity bears significance,

particularly with the increase in the dimension N . We refer to this fast solution,

described in Algorithm 1, as the GFFDiag algorithm for the Generalized FFDiag

algorithm. For comparison, NNAJD [23], NNAJD-ALS [24] and CPD-ALS [39]

algorithms have a computational complexity of order O(KN3).

Compared to the state-of-the-art, the proposed approach has the same

framework as in [22] and [23] where similar off-diagonal criterion was considered

and the resulting algorithms are based on Jacobi-like algorithms. However, the

proposed approach addresses the problem differently, using a matrix formula-

tion to tackle the global problem. This formulation leads to the block diagonal

structure in Eq. (23), Eq. (24), and Eq. 25 which results in a decoupled system

of equations of size 4x4 that can be solved more efficiently than considering the

direct solution of Eq. (26). Despite differences in the development methodolo-

gies, there are similarities between the resulting algorithm GFFDiag and the

NNAJD algorithm proposed in [23]. However, both unitary and non-unitary

cases are considered in this paper, unlike [23] where only the non-unitary case

was considered.
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Comments on the rectangular case

Until now, we have considered only the square case where N1 = N2 = N

in the model of Eq. (1). Let us consider the general case (rectangular) where

N1 ̸= N2 ̸= N . Recall that the mixing matrices A1 ∈ CN1×N and A2 ∈ CN2×N

are full column rank i.e. N ≤ N1 and N ≤ N2. The NHJD problem is to

find the separation matrices B1 ∈ CN×N1 and B2 ∈ CN×N2 such that D̂k =

B1CkB
H
2 are as diagonal as possible for all k = 1, ...,K. Note that the matrices

B1 and B2 are rectangular matrices such that B1 = P∆1A
†
1 and B2 = P∆2A

†
2

for a certain permutation matrix P ∈ RN×N and a scaling diagonal matrices

∆1 and ∆2 ∈ CN×N . Hence, one can initiate the diagonalization algorithm

by any full-row rank matrices B0
1 and B0

2 for example B0
1 = [IN 0N,N1−N ] and

B0
2 = [IN 0N,N2−N ]. Next, we evaluate the N × N square matrices C̃k =

B0
1CkB

0H
2 for k = 1, ...,K. Form now, one can use the GFFDiag algorithm on

the C̃k matrices, in order to find the diagonalization matrices B̃1 ∈ CN×N and

B̃2 ∈ CN×N such that D̃k = B̃1C̃kB̃
H
2 are as diagonal as possible. Finally, one

can simply deduce the separation matrices for rectangular matrices Ck using

B1 = B̃1B
0
1 and B2 = B̃2B

0
2.

3.2. Unitary case

Matrix unitary property is an interesting feature that we encounter in many

signal processing applications. Here, the unitary case corresponds to an ad-

ditional constraint on the separation (or mixture) matrices B1 and B2. This

problem, also known as joint SVD, is formulated as in Eq. (4). In order to

solve this problem, we need to choose an updating rule that ensures the unitary

property of Bi
1 and Bi

2 at each iteration. Let us recall some matrices notions

that are required later.

The matrix exponential, denoted Expm(X), extends the concept of the expo-

nential function to matrices and is defined by the series Expm(X) =
∑∞

k=0
Xk

k! .

If X is diagonalizable such that X = UDU−1, the matrix exponential can

be efficiently computed as Expm(X) = UExpm(D)U−1, where Expm(D) =

diag(ed1 , . . . , edN ) and D = diag(d1, . . . , dN ).
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Algorithm 1 GFFDiag

Require: Ck for k = 1, · · · ,K, threshold τ and the maximum number of iter-

ations Nit.

Ensure: B1, B2 and Dk for k = 1, · · · ,K.

1: Initialization: B0
1 = B0

2 = IN and calculate F0
k using Eq. (12).

2: while
∑K

k=1 ∥off
(
Fi

k

)
∥2F > τ and ( i < Nit) do

3: Find Di
k and Ei

k using Eq. (14).

4: Calculate αl,j , βl,j , γl,j and ρl,j using Eq. (32), Eq. (33), Eq. (34) and

Eq. (35).

5: Calculate Zi
1 and Zi

2 using Eq. (28) , Eq. (29) , Eq. (30) and Eq. (31).

6: Normalize Zi
1 and Zi

2 using Eq. (8).

7: Update the estimation of Bi
1 and Bi

2 using Eq. (6).

8: Calculate Fi+1
k for k = 1, ...,K.

9: end while

The matrix exponential is closely related to unitary matrices. Specifically, if

X̃ is skew-Hermitian1, then its matrix exponential Y = Expm(X̃) is a unitary

matrix, satisfying YHY = I.

Since the product of two unitary matrices remains a unitary matrix, we pro-

pose to solve the problem presented in Eq.(4) using the same approach as in the

non-unitary case, with the final update modified to incorporate a multiplicative

rule:

Bi+1
m = Expm(Z̃i

m)Bi
m for m = 1, 2 (36)

Assuming that Bi
1 and Bi

2 are unitary in the previous iteration (we choose

a unitary initialization), solving our problem comes down to finding Z̃i
1 and

Z̃i
2 that minimize the off-diagonal criterion under the constraint to be skew-

Hermitian.

This multiplicative update is closely related to the first additive update

1A square matrix X is said to be skew-Hermitian if X + XH = 0. Thus, for any square

matrix X, the matrix X̃ = X−XH is inherently skew-Hermitian.
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used in the non-unitary case. In fact, if we take the first-order exponential

approximation of the update in Eq. (36), we recover approximately the additive

type of update in Eq. (6) as it is shown below:

Bi+1
m = Expm(Z̃i

m)Bi
m (37)

= (I+ Z̃i
m + (Z̃i

m)2/2 + . . . )Bi
m (38)

≈ (I+ Z̃i
m +O(Z̃i

m))Bi
m (39)

Since the estimated matrices Z̃i
1 and Z̃i

2 must be skew-Hermitian at each

iteration, only one of each pair of (l, j) entries of these matrices need to be

calculated. We then use the relation Z̃i
1 = Zi

1 − ZiH
1 and Z̃i

2 = Zi
2 − ZiH

2 to

force both Z̃i
1 and Z̃i

2 to be skew-Hermitians. Compared to the non-unitary

case, the computation time is reduced by half if an approximate unitary version

is considered, i.e. Z̃i
1 and Z̃i

2 are skew-Hermitians and we use the update given

by Eq. (6). If we are looking for a strict unitary version, we use the matrix

exponential, i.e. Z̃i
1 and Z̃i

2 are skew-Hermitians and we use the update given

by Eq. (36). In that case, we add the matrix exponential’s computational com-

plexity, which is of the order of O(N3). We refer to this algorithm, described in

Algorithm 2, as UGFFDiag for the Unitary Generalized FFDiag algorithm and

as UGFFDiag-Approx when the approximated unitary is considered in step 6.

4. Numerical simulations

In this section, we present the numerical simulations that assess the perfor-

mance of the proposed algorithms. They are compared to NNAJD [23], NNAJD-

ALS [24] and CPD-ALS [39] (implemented in Tensorlab toolbox [40]) algorithms

as representative of the state-of-art. Also, in the case of unitary diagonaliza-

tion, we compare the proposed algorithm UGFFDiag with the NOHTJD [25]

and CPD3-SGSD [41] (implemented in Tensorlab toolbox [40]) algorithms. Note

that CPD-ALS and NOHTJD algorithms are designed for the diagonalization of

higher-order tensors, but we are considering only the studied case of third-order
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Algorithm 2 UGFFDiag

Require: Ck for k = 1, · · · ,K, threshold τ and the maximum number of iter-

ations Nit.

Ensure: B1, B2 unitary and Dk for k = 1, · · · ,K.

1: Initialization: B0
1 = B0

2 = IN and calculate F0
k using Eq. (12).

2: while
∑K

k=1 ∥off
(
Fi

k

)
∥2F > τ and (#iteration < Nit) do

3: Find Di
k and Ek

i using Eq. (14).

4: Calculate αl,j , βl,j , γl,j and ρl,j using Eq. (32), Eq. (33), Eq. (34) and

Eq. (35) for l < j.

5: Calculate Z̃i
1 and Z̃i

2 using

{Eq. (28) and (Z̃i
1)j,l = −(Z̃i

1)
∗
l,j

Eq. (30) and (Z̃i
2)j,l = −(Z̃i

2)
∗
l,j

6: Update the estimation of Bi
1 and Bi

2 using

{ Eq. (6) Approximately unitary

Eq. (36) Strictly unitary

7: Calculate Fi+1
k for k = 1, ...,K

8: end while

tensors. The parameters for all algorithms are in accordance with literature

recommendations.

Performance factors

In order to compare the capability of the proposed methods to recover mixing

matrices A1 and A2, we adopt the following performance index PI:

PI(G1,G2) = Pi(G1) + Pi(G2) (40)

The matrices G1 and G2 are normalized global matrices defined as G1 = B1A1

and G2 = B2A2. The function Pi(G) is defined as in [22], which is invariant
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to the scaling and permutation ambiguities of the considered problem.

Pi(G) =
1

2N(N − 1)

[ N∑
l=1

(

N∑
j=1

|Glj |2

maxk(|Glk|2)
− 1)

+

N∑
j=1

(

N∑
l=1

|Glj |2

maxk(|Gkj |2)
− 1)

]
(41)

In order to express the diagonalization error, we use the performance factor

based on the squared normalized off-diagonal elements of the reconstructed di-

agonal matrices as explained below:

J(B1,B2) =

K∑
k=1

Pi
(
B1CkB

H
2

)
(42)

Simulation 1

The target matrices are generated according to the model given by:

Ck = A1DkA
H
2 + ϵEk for k = 1, ...,K (43)

where, for k = 1, ...,K, the N ×N complex matrices A1,A2, and Ek are drawn

randomly with their real and imaginary elements are i.i.d. from the standard

normal distribution N (0, 1). The complex diagonal matrices Dk have also i.i.d

diagonal entries drawn from the same distribution. The scalar factor ϵ is related

to the SNR(dB) by the following equation:

SNR = 10 log10

(∥A1DkA
H
2 ∥2F

ϵ2∥Ek∥2F

)
(44)

In the first scenario, we consider 100 Monte Carlo realizations of the noiseless

case with the parameters N = K = 10. We evaluate the mean recovering er-

ror PI and the off-diagonalization error for 300 iterations of every algorithm.

Figure 1 shows that all algorithms reach perfect recovery of the separation ma-

trices, however, the proposed algorithm has slightly faster convergence than the

NNAJD algorithm and significantly faster convergence than the NNAJD-ALS

and CPD-ALS algorithms in terms of iterations (approximately 15 iterations).

This behaviour is confirmed in Fig. 2 where we plot the off-diagonalization error

of each algorithm. We prefer this kind of plot where we track the performance
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for different random realizations to illustrate the robustness of the algorithm.

It can be observed that the NNAJD-ALS and CPD-ALS algorithms require a

greater number of iterations to converge than the NNAJD and the proposed al-

gorithm. In contrast, the proposed algorithm requires fewer than 15 iterations,

whereas the NNAJD algorithm requires up to 20 iterations. This demonstrates

the superior convergence speed of the proposed method in terms of iteration

number.
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Figure 1: Recovering error PI(dB) versus the number of iterations for 100 different realizations

with N = K = 10 in the noiseless case.

In the second scenario, we consider the noisy case with SNR = 20dB, while

keeping the other parameters unchanged (N = K = 10). We distinguish in

Fig. 3 and Fig. 4 a faster convergence of the GFFDiag algorithm compared to

CPD-ALS and NNAJD-ALS algorithms, even though the mean squared error PI

reaches approximately the same levels. However, in terms of off-diagonalization

error, the proposed algorithm reaches in a small number of iterations low lev-

els compared to these algorithms. Compared to the NNAJD algorithm, the

proposed algorithm has approximately the same performance in terms of mean

squared error PI and off-diagonalization error.

As stated before, one of the key advantages of the proposed algorithm GFF-

Diag is its reduced computational complexity. Table 1 presents the mean exe-
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Figure 2: Off-diagonalization error versus the number of iterations for 100 different realizations

with N = K = 10 in the noiseless case.

cution time per 100 iterations of all four algorithms for different cases of K and

N . The simulation was run in MATLAB on a PC with an i7-9750H CPU and

16 Go RAM. In addition to the fast convergence of the GFFDiag algorithm in

terms of the number of iterations, as seen in previous simulations, Tab. 1 demon-

strates that it is the quickest algorithm regarding the execution time required

per iteration.

In the third scenario, we study the effect of changing the number of slices

K on the performance. Hence, we consider a SNR = 20dB and N = 8 while

varying K from 2 until 62. After 100 iterations of each algorithm, the re-

sults in Fig. 5b and Fig. 5a demonstrate that the NNAJD and GFFDiag al-

gorithms exhibit comparable performance. In comparison to the NNAJD-ALS

and CPD-ALS algorithms, this performance is markedly superior in terms of

off-diagonalization error, particularly for small values of K in comparison to N .

In terms of mean recovering error PI, the performance is superior when K < N ,

and approximately equivalent when K continues to grow, with the NNAJD-ALS

algorithm showing an advantage when K is large in comparison to N .

In the fourth scenario, we study the effect of changing the matrix dimension

N on the performance. We consider a SNR = 20dB and K = 8 while varying
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Figure 3: Recovering error PI(dB) versus the number of iterations for 100 different realizations

with N = K = 10 and SNR = 20dB.

N from 2 until 62. After 100 iterations, Fig. 6b and Fig. 6a demonstrate that

the GFFDiag algorithm performs similarly to the NNAJD algorithm. In terms

of off-diagonalization error, the GFFDiag algorithm outperforms the other two

algorithms, particularly when N > K. The CPD-ALS algorithm is shown to

have the best performance in terms of mean recovering error PI when N is

large compared to K. However, the proposed algorithm is observed to have

good performance for all values of N .

In the fifth scenario, we investigate the behaviour of the proposed algorithm

for different SNR values. We consider N = K = 10, 100 iterations, and we

increase the SNR from 0 until 50dB. In terms of mean recovering error PI,

Fig. 7a shows that the proposed algorithm has a similar performance to NNAJD

algorithm and a comparable performance for low SNR values compared to

ALS-like algorithms. However, for high SNR values, the proposed algorithm

outperforms the ALS-like algorithms. This is related to the considered objective

function, where in ALS-like algorithms, the least-squares function is considered,

which is known to be more robust for low SNR values. The proposed algorithm

and the NNAJD algorithms are based on the off-diagonalization error function

which is more effective in high SNR (more noticeable in the noiseless case).
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Figure 4: Off-diagonalization error versus the number of iterations for 100 different realizations

with N = K = 10 and SNR = 20dB.
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Figure 5: Mean recovering error PI and off-diagonalization error versus K for 100 realizations

after 100 iterations with N = 8 and SNR = 20dB.

This also explains the superiority of the proposed algorithm in terms of off-

diagonalization error since it is the actual function that has to be minimized.

Simulation 2

In this subsection, we consider the unitary case, where the targeted matrices

are generated according to the same model presented in Eq. (43) while forcing

the matrices A1 and A2 to be unitary.

In the first scenario, we consider 100 Monte Carlo realizations of the noise-

less case with the parameters N = K = 10. Figure 8 shows that, after only

11 iterations, the UGFFDiag algorithm outperforms the other algorithms in
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N K GFFDiag NNAJD NNAJD-ALS CPD-ALS

5 5 49 111 106 566

10 10 98 295 212 551

20 20 272 925 913 711

8 4 61 213 145 542

8 30 167 307 259 615

8 60 264 363 378 661

4 8 56 80 110 540

30 8 283 1744 1280 746

60 8 893 5538 11822 2350

Table 1: Execution time per 100 iterations (ms) for non-unitary algorithms.
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Figure 6: Mean recovering error PI and off-diagonalization error versus N for 100 realizations

after 100 iterations with K = 8 and SNR = 20dB.
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Figure 7: Mean recovering error PI and off-diagonalization error versus SNR(dB) for 100

realizations after 100 iterations with N = K = 10.
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Figure 8: Mean recovering error PI and off-diagonalization error versus the number of itera-

tions for 100 different realizations with N = K = 10 in the noiseless case.

terms of mean recovering error PI and off-diagonalization error. The approxi-

mated unitary version of the proposed algorithm UGFFDiag-Approx struggles

to converge to the exact solution. This can be explained by evaluating the de-

viation from the unitarity of the matrices B1 and B2, which can be calculated

by PI(BH
1 B1,B

H
2 B2). The UGFFDiag and NOHTJD algorithms have approx-

imately null deviation, whereas, the CPD3-SGSD and UGFFDiag-Approx algo-

rithms have 5× 10−4 and 2.5× 10−2, respectively.

In the second scenario, we repeat the same experience but with a SNR =

20dB, keeping the other parameters unchanged (N = K = 10). Figure 9 il-

lustrates that the UGFFDiag algorithm converges to the lowest level of mean

recovering error PI and off-diagonalization error compared to the other algo-

rithms. The NOHTJD algorithm requires more iterations to reach the same level

of PI. Table 2 shows the mean computational time for each algorithm per 100

iterations for different parameters N and K. The UGFFDiag and UGFFDiag-

Approx algorithms require less time per iteration compared to NOHTJD and

CPD3-SGSD algorithms.

In the third scenario, we study the effect of changing the number of slices K.

Hence, we consider a SNR = 20dB and N = 8 while varying K from 4 until 30.

After 100 iterations of each algorithm, the results in Fig. 10 show that, except

the UGFFDiag-Approx algorithm, increasing K enhances the performance for

all algorithms.

In the fourth scenario, we investigate the effect of increasing the matrix size
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Figure 9: Mean recovering error PI and off-diagonalization error versus the number of itera-

tions for 100 different realizations with N = K = 10 and SNR = 20dB.

N K UGFFDiag UGFFDiag-Approx NOHTJD CPD3-SGSD

10 10 147 85 4720 755

20 20 317 221 23057 3529

8 4 121 52 2949 415

8 30 168 146 3026 728

8 60 205 161 3086 1301

4 8 54 35 631 159

30 8 326 247 52199 3882

60 8 964 777 408978 26652

Table 2: Execution time per 100 iterations (ms) for unitary algorithms.
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Figure 10: Mean recovering error PI and off-diagonalization error versus K for 100 realizations

after 100 iterations with N = 8 and SNR = 20dB.
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Figure 11: Mean recovering error PI and off-diagonalization error versusM for 100 realizations

after 100 iterations with K = 8 and SNR = 20dB.
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Figure 12: Mean recovering error PI and off-diagonalization error versus SNR(dB) for 100

realizations after 100 iterations with N = K = 10.

N from 4 until 30, while fixing K = 8 for SNR = 20dB. Figure 11 illustrates

that increasing the matrix size M enhances the performance. UGFFDiag and

NOHTJD algorithms have the lowest PI, followed by the CPD3-SGSD algo-

rithm, then the UGFFDiag-Approx algorithm.

In the fifth scenario, we plot the mean recovering error PI and the off-

diagonalization error versus SNR for the parameters N = 10 and K = 10.

Figure 12 shows that UGFFDiag and NOHTJD algorithms have the same per-

formance which enhances when increasing SNR. The UGFFDiag-Approx algo-

rithm has the highest error compared to the other algorithms.

Real world data

We will consider two scenarios where the proposed algorithm will be applied

to the JBSS problem. The first scenario is blind speech separation, in which

we consider synthetic mixtures of real speech recordings. In this case, we have
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access to the ground truth (simulated) mixing matrices. The second scenario is

the extraction of fetal ECG from maternal ECG, in which real-world acquisitions

are used. However, the ground truth mixing matrices in this case are unknown.

1. Blind speech sources separation: In this scenario, we consider N1 =

N2 = 6 audio signals, each of 7 seconds in duration, sampled at 8 kHz. These

signals consist of 3 male and 3 female adults reading short English texts. The

instantaneous mixing model is considered which effectively simulates realistic

approximations of speech signal mixtures in scenarios where reverberation and

time delays are negligible. We generated two mixed datasets, x1 and x2 such

that:

xi(t) = Aisi(t) + ni(t) for i=1,2. (45)

where s1(t) and s2(t) are signal vectors. In order to ensure the correlation

between the two datasets, the second dataset’s sources are synthesized as

in [42][25]. This involves randomly permuting and scaling each speech sig-

nal by a random factor (uniformly distributed between 0 and 1). The mixing

matrices A1 ∈ R6×6 and A2 ∈ R6×6 are randomly generated according to

a Gaussian distribution, with zero mean and unit variance. The noise vec-

tors n1 and n2 are a zero-mean additive random white noise uncorrelated with

the signal. The noise power is fixed according to the SNR level defined as

SNR(dB) = 10 log10
E[∥Ais(t)∥2

F ]

E[∥ni∥2
F ]

.

In order to transform the JBSS problem into a NHJD problem, we have followed

the same framework as in [19][5][23] by estimating time-lagged cross-correlation

matrices as:

Ck = E[x1(t)x2(t+ τk)
H ] for k = 1, ...,K. (46)

Under the mild assumption that sound sources are decorrelated, the model

in (45) is equivalent to the NHJD model (1). The number of estimated time-

lagged cross-correlation matrices is set at K = 10. The GFFDiag algorithm

was employed for the blind separation of mixed signals across a range of SNR

levels. For example, at SNR = 30dB, Fig. 13 demonstrates the effectiveness of

the proposed algorithm in successfully separating the mixed signals. The per-
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mutation ambiguity has been resolved using the correlation between the original

sources and the separated sources. We compared the proposed algorithm with

NNAJD, NNAJD-ALS, and CPD-ALS algorithms. In addition, we added two

JBSS algorithms in the comparison: SOBI [14] algorithm which is based on

the diagonalization of a set of delayed correlation matrices, and JADE [1] algo-

rithm which diagonalizes eigen-matrices based on forth-order moments. Both

algorithms are evaluated for each set x1 and x2 separately, then the averaged

mean recovery errors between A1 and A2 was considered. The same reasoning

holds for off-diagonalization errors. Figure14b demonstrates that the proposed

algorithm outperforms all other methods in terms of off-diagonalization errors

across different SNR levels. Regarding the mean recovery error (PI), GFFDiag

exhibits superior performance at low SNR levels, while the JADE algorithm

achieves the best performance at higher SNR values. This disparity can be at-

tributed to the fact that JADE leverages higher-order statistics, whereas the

other algorithms, including GFFDiag, rely on second-order statistics such as

correlations and cross-correlations.

2. Extraction of fetal ECG: Accurate interpretation of electrocardiograms

(ECG) is essential for diagnosing a wide range of cardiac conditions. The non-

invasive extraction of fetal electrocardiograms (FECG) is particularly crucial for

medical diagnostics during pregnancy [43]. However, FECG signals are often

mixed with maternal ECG (MECG) signals, along with noise from electrode

movement or maternal motion, making the separation of ECG sources from the

observed data a complex challenge. In this study, we considered signals available

on Lieven De Lathauwer’s personal webpage, as used in [44]. These signals were

recorded using eight skin electrodes placed at various locations on a pregnant

woman’s body. The signals were sampled at 250 Hz, with a total recording

duration of 10 seconds. The first five recordings correspond to electrodes posi-

tioned on the mother’s abdominal region, while the remaining three were placed

on the thoracic region. Figure 15 shows the recorded 8-channel ECG. Unlike

classical methods that rely on using all 8 channels simultaneously and without

prior information, we propose a framework that takes advantage of the spatial
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Figure 13: Illustration of the amplitude vs time (s) of the 6 sources (Left), the mixed signals

(middle), and the separated signals (right), for SNR = 30dB.
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Figure 14: Mean recovering error PI and off-diagonalization error versus SNR(dB) for 100

realizations after 100 iterations with N = 6 and K = 10.
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configuration of the electrodes by dividing the channels into two sub-groups:

5 abdominal electrodes, which are more likely to capture both maternal and

fetal cardiac activity, and 3 thoracic electrodes, which mainly capture maternal

cardiac activity. The diagonalization of the delayed cross-correlation matrices

of those two datasets will eventually capture both inter-set dependencies (same

sources observed from different electrode positions) and intra-set independence

(independent sources).

Hence, we have considered the two datasets: x1 for the recordings from the ab-

dominal region and x2 for the recordings from the thoracic region (N1 = 5, N2 =

3). After estimating K = 20 delayed cross-correlation matrices, we have applied

the rectangular version of the GFFDiag algorithm in order to separate N = 3

sources (FECG, MECG and noise). In classical separation methods, the num-

ber of sources is generally assumed equal to the number of channels. In cases

where this condition is not met (as we suppose here), dimension reduction, fre-

quently achieved through Principal Component Analysis (PCA), is required.

For comparison, we have used JADE, INFOMAX [45], SOBI and CPD-ALS to

evaluate the proposed algorithm GFFDiag. By visually comparing the results

of the separation using these algorithms, as shown in Fig. 16, we can identify

the first separated signal (a normalization and permutation has been done) as

the FECG by its higher frequency compared to the estimated MECG signal.

There is no ground truth or standard of actual fetal ECG recordings that can

be used as a reference to quantify and benchmark the performance of these

algorithms. Nevertheless, we have considered the performance factor described

in [46] where maternal and fetal R-peak positions are estimated from the mixed

ECG and the estimated fECG. Those positions are used to evaluate the mean

values of the interfering (maternal) and desired (fetal) ECGs at the R-peak po-

sitions in the estimated fECG. This provides an estimate of the residual mECG

in the extracted fECG. If the mECG has been effectively removed, the residual

values should be minimal. At the same time, the estimated fECG values at

the R-peak positions should approximate those of the respective points in the

original mixed signals. Note that all signals have been centred and normalized

29



Mean of maternal R-peak values Mean of fetal R-peak values

Original mixture 7.05 ± 0.86 2.83 ± 1.04

GFFDiag 0.95 ± 0.64 3.49 ± 1.47

SOBI 2.27 ± 1.38 2.87 ± 1.66

JADE 1.82 ± 0.96 3.13 ± 1.49

INFOMAX 1.74 ± 0.92 2.96 ± 1.58

CPD-ALS 1.76 ± 1.10 3.38 ± 1.56

Table 3: Maternal and fetal R peak values in the estimated fECG (mean±standard

deviation)×10−2.

to the unit norm. Table 3 illustrates a notable decrease in the maternal R-peak

amplitudes in comparison to the fetal R-peak amplitudes, which remain com-

parable to their values in the original mixture. This outcome indicates effective

separation. Furthermore, the proposed GFFDiag algorithm achieves the lowest

maternal R-peak values and the highest fetal R-peak values, which highlights

its superior performance in extracting the fECG while minimizing maternal sig-

nal interference. A more advanced comparison study requires a larger database

and collaboration with medical experts to thoroughly evaluate the quality of

separation.

5. Conclusion

This paper investigates the problem of jointly diagonalizing a set of non-

Hermitian matrices. It generalizes the approach of the FFDiag algorithm for

Hermitian matrices, to address non-Hermitian matrices. We developed al-

gorithms for both the unitary and the non-unitary diagonalization scenarios,

namely GFFDiag, UGFFDiag, and its variant UGFFDiag-Approx. In both sce-

narios, the numerical simulations show that the proposed algorithms outperform

existing algorithms while being more computationally efficient.
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Figure 15: Eight ECG channels are presented over time(s): the initial five lie in the abdominal

region, while the last three lie in the thoracic region.
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Figure 16: Results of separating FECG and MECG with SOBI, JADE, INFOMAX, CPD-ALS

and GFFDiag algorithms.
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