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1. INTRODUCTION

Abstract: Random distortion testing (RDT) [1] addresses the problem of testing whether or not a random
signal, =, deviates by more than a specified tolerance, 7, from a fixed value, &. The test is non-parametric
in the sense that the distribution of the signal under each hypothesis is assumed to be unknown. The
signal is observed in independent and identically distributed (i.i.d) additive noise. The need to control the
probabilities of false alarm and missed detection while reducing the number of samples required to make
a decision leads to the SeqRDT approach, which generalizes [2,3]. We show that under mild assumptions
on the signal, SegRDT follows the properties desired by a sequential test for practical applications. We
introduce the concept of buffer size for sequential testing and derive bounds on the probabilities of false
alarm and missed detection, from which we choose the buffer size. Simulations show that SegRDT leads
to faster decision making compared to its fixed sample counterpart BlockRDT [4]. It is robust to model
mismatches compared to the Sequential Probability Ratio Test (SPRT) [5], when the actual signal is a
distorted version of the assumed signal, especially at low Signal-to-Noise Ratios (SNRs).

Keywords: Sequential testing, non-parametric testing, robust hypothesis testing, random distortion testing
(RDT), sequential probability ratio test (SPRT)

1. Introduction

In standard binary hypothesis testing problems, on the basis of a fixed number of observations, a decision is
made between two possible statistical hypotheses, the so-called null (Hy) and alternative (3{;) hypotheses.
The decision is generally made under the Bayesian, minimax or Neyman-Pearson frameworks. In his
seminal works [5, 6], Wald moved from standard likelihood theory with fixed sample size to sequential
procedures, where observations are collected and processed one after another, until a decision can be
made with specified confidence. Basically, at any stage of a sequential procedure, the same decision rule
is applied. This rule has three possible outcomes, instead of two: it may either 1) accept 3y and stop
the testing, or 2) accept H; and stop the testing or 3) make no decision and acquire a new observation.
These three steps are repeated sequentially until a decision is reached, in which case the testing stops.
In sequential testing, the sample size and the time instant when the decision is made are random. The
issue is then to devise a decision rule that optimizes a certain criterion “to achieve a tradeoff between
the average observation time and the quality of the decision. ...It has been shown that the sequential
procedure performs significantly better than the classical Neyman-Pearson test in the case of two simple
hypotheses." [7]. We recall that simple hypotheses o and 3{; correspond to two possible distributions
for the observations. For details on Wald’s approach, the reader can refer to [7].

Standard sequential testing is an extension of likelihood theory in that it assumes prior knowledge
regarding the distributions of the observations under each hypothesis to derive the likelihood ratio, perhaps
up to a vector parameter in case of nuisance parameters. This procedure has the following limitations.
In practice, prior knowledge or good models for the distributions under each hypothesis are usually not
available This is all the more detrimental when likelihood ratio tests are not robust to uncertainty or
model mismatch. Moreover, many approaches in sequential testing make stationarity or independent
and identically distributed (iid) assumptions on the observed process under each hypothesis [7]. Such
assumptions are questionable in practice. For instance, in many practical applications such as radar, sonar
and communication systems, signals of interest, distorted by the environment, are acquired in noise and
are cluttered by interfering echoes. The observed random process resulting from this mixture — not
necessarily additive — of signal, distortions and interferences, can thus hardly be modeled as a stationary
random process with known distribution. Solutions proposed in the literature and aimed at relaxing
stationarity or iid assumptions are still based on likelihood ratio tests [7] and, as such, may suffer from the
lack of robustness of these tests.

To overcome these limitations, the observation process is hereafter modeled as the sum of a non-
stationary signal with unknown distribution and independent noise. We introduce a theoretical framework
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3. PROBLEM STATEMENT

suited for statistical signal processing applications such as those considered in [2, 3, 8], where the issue
is to sequentially test the empirical mean of a non-stationary random signal. The signal has non-i.i.d
samples and unknown sample distributions in additive and independent Gaussian noise. In contrast to the
preliminary approach [2, 3], the theory presented below introduces a sequential procedure SegRDT that
guarantees an almost surely finite stopping time and error probabilities that can be rendered arbitrarily
small. We introduce the notion of buffer that makes it possible to control the probabilities of false alarm
and missed detection. Both the notion of buffer and the control over the probabilities of false alarm and
missed detection were not present in the past works [2, 3]. We exhibit nested models and assumptions
that help predict the behavior of SegRDT without prior knowledge of the signal distribution and with
no stationarity or iid assumption. Moreover, we compare the number of samples taken by the proposed
sequential algorithm to its fixed sample counterpart BlockRDT and show that it is faster compared to
BlockRDT, specially in the low SNR regimes. Finally, we show the robustness of the proposed sequential
algorithm compared to conventional SPRT.

We explain the notation in Section 2 and state the problem in Section 3. We introduce SeqRDT in
Section 4. In Section 5, the assumptions made in the previous sections are relaxed. The performance of
SegRDT is discussed in Section 6. Section 7 concludes the paper.

2. Notation

N is the set of natural numbers and R that of real numbers. Given N € N, R" is the vector space
of all N-dimensional row vectors with real components. The components of x € R" are denoted by
X1, X2, ..., xny and we write x = (x1, x, ..., XN).

All the random variables are defined on the same probability space (Q, F, P). The set of all real random
variables defined on (Q, F) is denoted by M(€, R). Given U € M(€, R), Py is the probability distribution
of U: for any Borel set B of R, Py(B) = P[U € B]. A domain D of a U is any Borel set of R such that
Py(B) = 1. Given ¢ € [0, 00), Z ~ U({) means that Z is uniformly distributed in [, +]. Given & € R
and o € [0, ), Z ~ N(&, %) means that Z is Gaussian distributed with mean & and variance 0. The
Generalized Marcum Function [9] with order 1/2 is denoted by Q;/,. For any Z ~ N(&, 1), we have

[10, Eq. (19) and Remark V.3]:
B[12] > 1] = Q1 2(1€L ). (1)

It follows that, for any (a, b) € [0, o0) X [0, 0),
Qi2(a,b) =1 - (b —a) + O(-b—a) 2

where @ is the cumulative distribution function (cdf) of Z. Q1> increases with its first argument and
decreases with its second [9]. Given y € (0, 1) and p € [0, o), A, (p) is defined as the unique solution in x
to Q12(p, x) = y [, Lemma 2, statement (ii)], so that:

Q12(p, 4(p)) = . 3)

The set of all sequences defined on N (resp. [1, N = {1,2,..., N} and valued in M(, R) is denoted by
M(Q,R)Y (resp. M(Q, R)ILN . Given U in M(Q,R)Y (resp. U € M(Q, R)ILN, the realization of U at
n € N (resp. n € [1, N]) is called a sample of U and denoted by U,,. Each U, is an element of M(, R).
Given N € N, the sample mean of U over the N samples Uy, ..., Uy is (U)y = % ZnN:1 U,,. We say that
U,V € M(QR)Y (resp. M(Q, R)I-N1) are independent if U, and V, are independent for each n € N (resp.
n €[, N]).

3. Problem statement

Let Z = (E,)nen be an element of M(, R)". This random process models the random mixture of a
distorted signal of interest and possible interferences. We suppose that = is observed in additive and
independent noise X = (X;,)nen, Whose samples are iid with unknown cdf F. The observation process
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3. PROBLEM STATEMENT

is then Y = (¥,,),en such that ¥, = E, + X, for any n € N and we write Y = Z + X. We assume that
the random process under the null hypothesis (Hp) is generated form an underlying joint distribution
Po, i.e, E = (Ep)nen ~ Po. Under alternative hypothesis (H;), E is supposed to be generated by any
underlying arbitrary joint distribution other than Py, i.e., E = (E,)nen » Po. No assumption is made on
the stationarity or the distribution of E = (&), en. In this respect, the samples =,, are not necessarily i.i.d.
The foregoing can be summarized by writing:

Observation : ¥ = Z+ X € M(QR)Y

_ E € MQR)Y,
with iid
X1, Xo, ... ~F, Funknown. 4

{ Ho: E=Ep)nen ~ Po,
E (EH)HEN cad :PO

The problem in its current form (4) is difficult to tackle since we do not assume any knowledge of the signal
distributions under the two hypotheses. Therefore, we associate with each hypothesis a non-parametric
distance related criterion which independent of the distributions of these distributions. This non-parametric
criterion serves as a surrogate to the actual hypotheses to be tested. This idea was first proposed in the form
of Random Distortion Testing (RDT) [1] and was later extended to multiple samples by BlockRDT [4].
We now present our model more specifically.

In our formulation, Z models distortion other than noise around a fixed model &,. For instance, such
distortion can result from interferences as encountered in radar, sonar and telecommunication systems.
We, however, expect that, for N sufficiently large, the empirical mean ( )5 remains close to & under Hy
and drifts significantly away from &, under 3{;. We can then formalize the foregoing by quantifying the
possible drift between ( E)x and &, via |( E)y — &|, introducing a tolerance 7 € [0, co) on this distance
to specify the maximal acceptable drift and assuming the existence of some Ny € N such that, either
[(E)ny — &l < tforany N > Nyor [( E)y —&| > 7 forany N > Ny. The former (resp. latter) hypothesis
above becomes our null (resp. alternative) hypothesis Hy (resp. JH;) in our surrogate model to (4). Given
the observation Y, the SegRDT problem addressed in this paper is then the sequential testing of JH against
H;. Its formulation can be written as:

Observation : ¥ = Z + X € M(Q, R)"
E = (Ennen € M(Q R)Y,
X1, Xo, ... i F, F unknown.

E[X]=0Var(X;))=1and E[X; ]| < &)
= and X are independent.
:H:()VN = N(),O < |<E>N —fo| < T(a-S)

dNp € N, _
0 {9‘51 YN > No,7< (E)n — &0l < T (a-s)

with

where, throughout the paper and without recalling it, 7 € [0, o). In the proposed formulation, the
assumption on the noise third moment is technical and made clear below. The above testing model
encompasses the BlockRDT model [4] for a fixed sample size N. Here, Ny and the tolerances 7 and 7y are
known a priori, based on some prior knowledge about the signal. The idea is that, although the exact
distributions in play are unknown, the user’s experience on some representative data may be sufficient to
roughly bound the behavior of the empirical mean with respect to &. Discussion of procedures suitable
for extracting such knowledge is beyond the scope of this work because they depend on the targeted
application. The generic question is how far we can get if prior knowledge on the process is limited to
such bounds.

Remark 1 The above problem (5) tests whether the deviation of the signal mean { E)y around & is below
(or above) a specified tolerance level T for the null hypothesis (or the alternate hypothesis) to be true. As
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3. PROBLEM STATEMENT

indicated above, this non-parametric criterion serves as a surrogate to the complete knowledge of the
distributions and thus avoids prior knowledge of them. Likelihood ratio based tests are, therefore, not
feasible for the above problem. Moreover, the absence of assumption on the signal stationarity makes the
problem even more challenging. |

Example 1 (Change-in-mean testing) A sufficient condition for E to follow Hy (resp. Hi) is that
|Z, — &| < T (a-s) (resp. |E, — &l > T (a-s)) for any n € N. The SeqRDT problem (5) thus embraces the
testing of a change in the mean of a Gaussian process [7, 1 1] when, given two known real values &y and &1,
En =&y forall n € N under Hy, E,, = &) for all n € N under Hy, T = 0 and Ny = 1 in (5). |

Example 2 (Bounded regime testing) Given & € R and h € [0, ), say that E follows the (bounded)
regime (&, h) and write E ~ (&, h) if, forany N € N, |{ E)n — &| < h. A sufficient condition for 2 ~ (&, h)
is that |2, — &| < h (a-s) for any n € N. Suppose that E satisfies either H : = ~ (o, ho), where the
regime (o, ho) is given, or Hj : E ~ (€1, hy), where (€1, hy) is any possibly unknown regime other than
(&0, ho). Say that the regimes (&g, ho) and (€1, hy) are separate if |&) — &| = ho + hy, which amounts to
assuming that (& — ho, & + ho) 0 (&1 — by, & + hy) = 0. When (&, ho) and (€, hy) are separate, testing I
against }7 is the particular problem (5) with ho < v < |&) = &o| = hy, Th = &1 —éol + hyand No = 1. B

To solve the SegRDT problem (5), we introduce two assumptions. The first one is asymptotic and can
be regarded as a weak notion of ergodicity. The second one concerns the case of finite sample sizes. Both
assumptions are used below to state different results. Their respective use depend on the available amount
of prior information on the process.

Assumption 3.1 ((a-s) convergence of { =)y )

3(She € MQR), lim (E)y = (B (a-5) (©)

for which exist T~ € [0,7) and t* € (1, ) such that:

Under Ho : |(E)o — &0l < 77 (a-s),
Under Hy : [(E)o — &0l = 77 (a-s),

Remark 2 Assumption 3.1 is automatically satisfied if E is stationary and ergodic. Indeed, in this case,
there exists &€ € R such that B[ E,, | = € for every n € N, so that Assumption 3.1 holds with (E), = ¢. 1

Basically, Assumption 3.1 will prove helpful to characterize the relevance of the sequential procedure
introduced below, especially in asymptotic conditions. The next assumption is aimed at establishing
additional results in non-asymptotic situations.

Assumption 3.2 (Bounded behavior of [( Z)y — &|) There exist v~ € [0, 7) and ™ € (1, o) such that:

Under Ho: VN = No, KE)N —éo| < 17 (a-s),
Under Hy: YN = Ny, [(E)n — &l = 7 (a-s).

Remark 3 At this stage, it is crucial to emphasize the significance of Assumption 3.1 and Assumption 3.2,
as well as the differences between them with respect to the two hypotheses in (5). To begin with,
Assumption 3.1 is asymptotic in nature whereas Assumption 3.2 is not. Moreover, Assumption 3.2 does
not require the existence of an (a-s) convergence of the empirical mean in contrast to Assumption 3.1. The
two assumptions will be helpful to better control the behavior, specifically, the probability of false alarm
and missed detection of the sequential test. This better control will actually be rendered possible via
the strict inequalities between T~ and 7, on the one hand, and between t* and 7, on the other hand. By
so proceeding, |{ E)n — &o| is kept away from 1, under Hy and H,. The decision will then turn out to
be all the more reliable as T~ and T drift away from T, which can be seen as the frontier between the
two hypotheses in (5). Note also that, if Assumption 3.2 and (6) hold true together, |(E) — &| remains
bounded away from v and all the properties stated under Assumptions 3.1 and 3.2 add to guarantee an
even better grip on the behavior of the sequential testing. |
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3. PROBLEM STATEMENT

Remark 4 We could have introduced the tolerances T~ and v under Hy and H,, respectively, in place
of T in (5) as in Assumption 3.2. However, a single tolerance v € (t7,7t+) in (5) keeps the model general
and, more importantly, consistent with the similar models introduced in [ ] ] and [4]. No assumption such
as Assumption 3.2 was actually required in both []] and [4]. The tests proposed in these works were
designed to guarantee the probability of false alarm below a pre-specified level, while guaranteeing a
maximal detection probability for fixed sample tests, without any control over this probability. As already
emphasized in the previous remark, Assumption 3.2 will allow for a control of both the probability of false
alarm and the probability of missed detection for fixed sample tests, as well as for the sequential testing
[framework proposed in this work. |

Giveny € (0,1) and 7 > 0, let us define Ty ,, : RY — {0, 1} for any sequence x = (x,,)nen € RY by :

0if [(x)n — &l < 4,(rVN)/VN

1 otherwise.

Iny (¥) = { (N

Proposition 3.3 below describes the asymptotic behavior of such tests under Assumption 3.1. These tests
play a crucial role in the design of SegRDT for the problem stated in (5).
Throughout, we use 6y as specified in Lemma A.1.

Proposition 3.3 Giveny € (0,1) and v > 0, Ty, satisfies the following asymptotic behavior for testing
Ho against Hy in (5):

(i) we have
under 3o : Qi (O, /L,(T‘/N)) < 1\1Iim P [‘J’N,V(Y) =1 ] < vy )
under 1y : 11— 01 (TH«/N, /la(r\/ﬁ)) < Jim P[Tn, (1) =0] < 1-y 9)

(ii) under Assumption 3.1, we have,

0 under H,

liI\r/nP [(IN’V(Y) - 1] - { 1 under 3, (10)

Proor:

Proof of statement (i): According to (7) and Lemma A.1,
2|01 (VW IKE)w = &ol. 4, V) | - 26w
<P[Tn,(¥)=1] 1)
<E| Qi (VNIE)N - ol (VW) | + 26w
Therefore, under o and for any N > No, we have:
012 (o,ay(n/ﬁ)) —26n < P[Th,(V)=1] < 012 (T\/ﬁ,ﬁy(T\/ﬁ)) + 26N

According to (3), the upper-bound in the second inequality above equals y + 26n. As N grows to oo, o
vanishes and (8) follows.
We prove (9) similarly. We begin by combining (7) and Lemma A.1 to get

1=E | 012 (VWIEw - &l 4 (VW) | - 26n
<P[Tn,y(¥)=0] (12)
<1=E| Q12 (VNKE) = &ol. 4,(rVW)) | + 26w

RR-2018-01-SC 6



4. SEQRDT

It then suffices to particularize (12) under J{; for N > Ny and make N grow to oo to complete the proof.

Proof of statement (ii): Under Hy and Assumption 3.1, li]{/n [{(E)N =&l = (B —&0| <77 <7 (a-s). It
then follows from Lemma A.2 that:

lim 01> (VN (20w = &0l 4y(rVN)] = 0 a-s).
We then derive from (11) and the Lebesgue dominated convergence theorem that, under Hy:

lim P [Tn,(¥)=1]=0.

Similarly, under H; and Assumption 3.1 ligjn [{E)YN — &) = [(E)o — & = 7% > 7 (a-s). Lemma A.2

induce that

lim 015 (VN [(E0w = &ol, 4y(rVN)) = 1 a-s).
By injecting this equality into (12) and using Lebesgue’s dominated convergence theorem again, we obtain:
lim P [Tn,¥)=1] =1
under H;, which concludes the proof. |

The asymptotic result of Proposition 3.3 enhances the interest of the tests defined in (7). In addition,
Proposition 3.3 (i) suggests the use of two thresholds as the false alarm and missed detection probabilities
cannot both be controlled through one single threshold designed for a fixed y. One of these thresholds
should be small enough to diminish the probability of false alarm. In contrast, the other one should be
sufficiently high so as to make the probability of missed detection small. Such a strategy naturally leads to
a sequential approach. Proposition 3.3 (ii) also highlights the importance of Assumption 3.1 in achieving
arbitrarily low false alarm and missed detection probabilities for large sample sizes. However, we need to
control the number of samples, which pleads again for a sequential approach. As a matter of fact, with
the thresholds chosen according to (7), we can design a sequential test capable of reducing the decision
making time for the mean testing problem defined in (5), while guaranteeing certain performance levels.
This sequential approach is the SegRDT described below.

4. SeqRDT

Section 3 above has highlighted the motivation for sequential approach involving two different tests of the
form (7). One of these tests must guarantee an upper-bounded false alarm probability, while the other aims
at upper-bounding the missed detection probability. Given any natural number M > Ny — 1, Proposition
3.3 then suggests specifying a sequential test for Hy against H; by defining the stopping time:

T =min {N € N : Dy (N) # oo}, (13)
Dry(1) =Dy (2) = ... = Dyy(M) = o0,
. 0 if KY)nv —é&l < AL(N),
with: (14)

for N> M, Dpy(N) =14 oo if AL(N) < (Y)n — &0l < Au(N),
1 if (Y)n —éol > Au(N).

where Ar(N) = /L/(T\/ﬁ)/\/ﬁ and Ag(N) = /L/(T\/N)/\/ﬁ, with 7 € (0,0) and 7y, vy’ € (0, 1) must be
such that 17 (N) < Ag(N). Here Dy, (N) represents the decision variable with Dy, (N) = 0 equivalent to
saying that Hy is decided, Dps(N) = 1 equivalent to saying that J(; is decided and Dys(N) = co equivalent
to saying that no decision is made at Nth sample and that the algorithm will update the statistic and repeat
the test with N + 1 samples.

RR-2018-01-SC 7



4. SEQRDT

Note that M is the number of samples SeqRDT waits for before starting the test. We refer to this M as
the buffer size. An appropriate M can be chosen based on some elementary knowledge of the signal and
noise. This will be made clearer in the coming section and Section 6.

The choice for v and 7y’ can then be figured out as follows. The false alarm probability of the proposed

sequential testing is:
def

Pea(Dyr) = P[ Dy (T) = 1]  under Hy (15)
In the same way, the missed detection probability is:
Pain(Dar) & P[ Dy (T) =0]  under 5. (16)

Since the goal of the sequential algorithm is to guarantee Ppa("Dys) and Pyp(Days) below certain pre-
specified levels @ and 3, respectively, Proposition 3.3 leads us to choose y = 1 — 8 and y’ = @ with
a, 3 € (0,1/2). This is a technical assumption required to ensure Az (N) < Ag(N) (refer to Proposition
4.1 (i)). Moreover, typical values of & and 3 are of the order of 10~! to 107, so the assumption is not
particularly restrictive. Henceforth, we always assume «, 8 € (0, 1/2) and set:

AL(N) = 21_g(rVN)/VN and Ay (N) = A.(xVN)/NN (17)

Proposition 4.1 below then validates that such thresholds are indeed appropriate for SegRDT under both
asymptotic and non-asymptotic conditions.

Proposition 4.1 We have:

() AL(N) < Ag(N), VN €N,

(ii) the threshold A (N) is non-increasing in N € N and lower bounded by T,

(iii) for N large enough, the threshold Ap(N) is non-decreasing in N and upper bounded by T,
(iv) both the thresholds approach T as N increases:

Jim Ap(N) = lim A, (N)=7.

Proor: The proof of the above proposition follows from Lemmas B.4, B.5 and B.6 in Appendix B. H

Proposition 4.1 (i) & (ii) imply that, asymptotically as N — oo and thus, in vanishing noise, the test
will resemble a non-sequential test as both thresholds become equal to 7.

The question addressed now is then “Can this choice of thresholds give some performance guarantees?".

Before stating several theorems to answer this question, we establish the following straightforward
inequalities, which will prove useful at several places in the sequel. With the same notation as above, for
any given € € {0, 1}, we have:

P[Du(T) =¢&| =P([Du(T) =&| N [T > M +2|) + P[Dy(M +1) = ¢] (18)

Now, using
[Du(T) =e| N [T >M+2] c [Du(M+1)=c0], (19)

we derive from (18) that:
P[Dm(T)=¢| <P[Dy(M + 1)=o00| +P[ Dy (M + 1)=5¢]| (20)
Now, let us consider the first term on the rhs of (20). We can write that
P[Dy(M +1) = co| =1-P[Dps(M + 1) = 1] —=P[Dps(M + 1) = 0]
By injecting this equality into (20), we get:

P[Du(T)=¢] <1-P[Dy(M+1)=1-¢] (1)

RR-2018-01-SC 8



4. SEQRDT

Theorem 4.2 (Asymptotics: 7', Ppa(Dys) and Pyip(Dyr)) If @, B € (0, 1/2) and Assumption 3.1 holds
true, then:

) P[T = oo ] =0 under Hy and H,,

(ii)A}iglm Pra(Dyr) = A}iinm Ppp(Dar) =0

Proor:
Proof of statement (i): T = oo if and only if Dy(N) = oo for each integer N > M. Therefore,
P[T = oo ] < P[Dp(N) = o] for any integer N > M + 1. Since

[Dm(N) = o] = [AL(N) < {E)N + (X)n = &0l < Au(N)],
we have now:

P[Du(N)=co] =P[T

(o @ =11 -ELT,

(ev) v 1) =11
It then follows from Proposition 3.3 (ii) that Al/im P[Dp(N) = oo ] = 0. Thence the result.
Proof of statement (ii). The probability of false alarm is Ppa(Dys) = P[@M(T) = 1] under Hy.

According to (21), Ppa(Day) < 1 - IP[DM(M +1) = 0]. The rhs in this equality can be rewritten
P[{Y)m+1 — &0l > A(M + 1)]. Tt follows from (17) and Lemma A.1 that, regardless of Assumption 3.1:

Pra(Dy) < E [Q1/2 (VM + 1(E)m+1 — ol Mip(TVM + 1))] +20p+1 (22)
We then derive from Assumption 3.1 & Lemma A.2 that, under Hy,
Jim 01 (VM +T 1@t = &0l ipGVM D) =0 @-9)

The Lebesgue dominated convergence theorem then implies that A/llim Pra(Dyr) = 0.

The probability of missed detection Pyp(Dyy) is P[DM (T) = O] under H;. As above, we derive from
(21), (17) and Lemma A.1 that, regardless of Assumption 3.1:

Pan(D) < 1= E| Q10 (VM + T1@ars1 = éob Aae VM + 1) | + 260111 23)

It then suffices to apply Assumption 3.1, Lemma A.2 and the Lebesgue dominated convergence theorem
to obtain the second equality in (ii). |

The above theorem implies that if the two hypotheses in (5) converge asymptotically away from 7, the
sequential test (14) takes a decision in finite time with probability one. Moreover, the theorem also implies
that Pra(Das) and Pyp(Day) approach zero if the buffer size is large enough. However, in practice all the
tests will be non-asymptotic in nature. Therefore, we must give some performance guarantees for the
non-asymptotic regimes. In this regard, the next theorem shows that Pra(‘Dys) and Pyip(Day) are bounded
away from one. Moreover, we need to fix the buffer size M before conducting the sequential test. For this
purpose we make use of Assumption 3.2 to derive upper and lower bounds on Pga(Dyy) and Pyp(Day ).
We then use these bounds to choose the buffer size M. We derive two bounds in the coming theorems.

Theorem 4.3 (Non-Asymptotics: Ppa(Dys) and Pyip(Das)) Pra(Dag) and Pyp(Day) are bounded as:

0172 (0 AoV + 1)) = 260121
< Pra(Dm) < 1= B+20m+1

1- Q1/2 (TH VM + 1,/11_'3(7' VM + 1)) —20M+1

< Pup(Dm) < 1—a+20m41,

RR-2018-01-SC 9



4. SEQRDT

Proor: Under H,, we derive from (14), (15), (17), (18) & Lemma A.1 that:
Pea(Da) > P[Dys (M + 1) = 11> B[ Q172 (VM + T1Ehro1 — &0l Al VM 4 1)) | 260001 24)

The bounds on Pga(Dyy) then results from the inequalities satisfied by [(Ens+1 — &o| under Hy and (24)
for the lower bound and (22) along with the definition given in (3) for the upper bound.
Similarly, for the probability of missed detection, under H;, (14), (16), (17), (18) & Lemma A.1 yield

Pap(Dar) > P [Das (M + 1) = 01> 1-E | Q12 (VM + T1@hrat - ol p eV + D)) [-260121. 29)

We obtain the bounds on Pyip(Dyy) from the inequalities satisfied by |[(Ews+1 — & under H; and (25) for
the lower bound and (23) along with the definition given in (3) for the upper bound. |

This theorem states that, without any assumptions, the upper bounds on Pga (‘Dys) and Pyp(Dyy) tend to be
bounded away from unity. In particular, when noise is Gaussian distributed — which is of special interest
as many systems of practical interest are modeled using this assumption — or M grows to co, Pga(Dyy) and
Pwmp(Dar) are upper-bounded by 1 — 8 and 1 — «, respectively. Moreover, the lower bounds for Pra(Dyy)
and Pyp(Dys) always stay below levels @ and B, respectively. The simulations later suggest that the upper
bounds given in Theorem 4.3 are actually loose, i.e., Pra(Das) and Pyp(Day) will be considerably smaller
than these upper bounds. At this stage, Assumption 3.2 is then useful for deriving tighter bounds for
Pra(Dar) and Pyip(Day). These bounds are given in the next theorem and will be employed to choose
appropriate buffer sizes for SegRDT.

Theorem 4.4 (Non-Asymptotics: Ppa(Dys) and Pyip(Dyys)) (1) Under Assumption 3.1, Ppa(Dyg) and
Puip(Dyr) are bounded as:

012 (0. AuTVM + 1)) = 26111
S Pra(Dm) < UBIpa(M) N\ UB2pa(M)

1- Q1/2 (TH VM + 1,/11_3(7' VM + 1)) —20Mm+1
< Pup(Dm) < UBIyp(M) N\ UB2yp(M)

(26)

where a; \ ay = min(ay, ay) for aj, a; € R and UB1gs(M), UB2ps(M), UBIyp(M) and UB2yp(M) are
given at the top of the next page;

(ii) UBIpa(M) N\ UB2pa(M) and UB1gs(M) \ UB2pa(M) do not increase with M.

ProoOF:

Proof of statement (i): When Assumption 3.2 holds true, 0 < [(Els+1 — &] < 7~ under Hy. Injecting
these inequalities into (24) and (22)yield the bounds:

Q12 (0, Ae(TVM + 1)) —20pm+1 < Pra(Dyr) < UBIpa(M).

We obtain UB2gs (M) by writing first:

(9]

[Dm(T) = 1] = [Dy(M +1) = 1] U ([DM(N) =1|n[VK € [M +1,N - 1], Du(K) = oo]).
N=M+2

Since all the events involved in the equality above are disjoint, it follows from the Frechet inequality that:

00 N-1
P[Dy(T) = 1] <P[DuM+ 1) =1]+ > P[DM(N):I]/\( A\ P[DM(K):oo]) @7)

N=M+2 K=M+1
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5. AN EXTENSION

UBlFA(M) = Q]/z (VT_M + 1,/11_5(‘1' VM + 1)) +20Mm+1

UB2eA(M) = Q172 (VM + L Ao(rVM + 1) + 280141

+ 3 (v (R aute ) <2 A A [ (+ VR A5V 11 (0 et ) )|
N=M+2 K=M+1

UBlyp(M) = 1 - Q15 (\/M 1%, g (tVM + 1)) +26me1
UB2yp(M) = 1 - 015 (T+\/M L Ap(rVM + 1)) + 26141

00 N-1
+ Z [(1 —Ql/z(T+\/ﬁ,/l]_ﬁ(T\/N))+25N)/\( /\ (Ql/g(TH‘/E,/ll_'g(T‘/E))—Ql/z (T+‘/?, /la(T\/E)) +45K))]
N=M+2 K=M+1

Forany N > M + 1, Lemma A.1 and Assumption 3.2 imply that under Hy;
P[Dy(N) = 1] < 012 (T—«/ﬁ, AQ(T«/N)) + 26 (28)
Forany K € [M + 1, N — 1], we can write:

P[Dm(K) = o] = P[(Y)k — &0l = AL(K)| —P[(Y)k — &l > Au(K)] (29)

It follows again from Lemma A.1 and Assumption 3.2 that, under Hy:
P[Dm(K) = o] < Q12 (T_‘/E /ll—B(T\/?)) -0Q1p (0, /1(1(7\/[?)) + 40k (30)

The desired bound UB2ga (M) follows by injecting (28) and (30) into (27). The bounds UB2yp(M)
and UB2pp(M) on Pyp(Dyy) follow similarly from (23), (25), (29) and Lemma A.1, under H; and
Assumption 3.2. Because of space limitations, the details are left to the user.

Proof of statement (ii). For any given p € [0, ) such that p # 7 and for all y € (0, 1), it follows from
Lemma B.3 of Appendix B that the map N € N — Q, (p\/N, /Ly(T\/N)) is non-increasing if p < T and

non-decreasing if p > 7. In addition, (65 )y e is @ non-increasing sequence. Therefore, UB1ga (M) and
UB1yp(M) do no increase with M. Careful inspection of UB2pa(M) and UB2yp(M) reveals that each
term involved in these bounds is non-increasing with M. Statement (ii) follows since the minimum of two
non-increasing terms is also non-increasing. |

Theorem 4.4 makes it possible to choose the least buffer size M guaranteeing specified values for the
upper bounds UB1gas (M) A\ UB2pa(M) and UB1lyp(M) A UB2Mp(M). Therefore, with the choice of an
appropriate buffer size M, we can expect to control Pga(Dys) and Pyp(Dys) under desired levels. More
precisely, if we want a test that guarantees Ppa(Dys) < @ and Pyp(Dys) < B for specified 0 < a < 1/2
and 0 < B8 < 1/2, we can choose an appropriate M as follows, provided that the first three moments of
X, are known. First, choose M| such that UB1ga(M;) A UB2ga (M) < a. Afterwards, choose M, such
that UB Iyp(M2) A UB2mp(M3) < B. The buffer size can then be fixed to M = max(M,, M;). In Section
6, we will proceed in this manner to choose the buffer size. It is, however, important to emphasize that
the bounds given in Theorem 4.4 are loose, so that SeqRDT is expected to work for considerably smaller
buffer sizes, as shown in the simulation section.

5. An extension

Suppose that, instead of Eq. (5), we have either H : IP’[VN > Np, [{E)n — &l < T] >1-¢gor
Hi P[VN > No, [(E)N — &1 2 T] > 1 — & with a small positive constant £ < min(a, 8). Under the
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assumptions of Theorem 4.4, SeqRDT can still be used as follows to test H against H with guaranteed
bounds on the false alarm and missed detection probabilities. Indeed, given a, B8 € (0, 1), choose M so that
UB1pa(M) A UB2ga(M) < @ and UBlyp(M) A UB2Mmp(M) < B in (26). Under J;, the false alarm
probability P, of SeqRDT satisfies:

6. Experimental Results and Discussion

In this section, we perform some simulations to highlight the advantages of SegRDT compared to
BlockRDT [4] and SPRT [5,6]. We first present the detection problem considered to carry out the
experiments, then we outline each algorithm and finally, carry out the comparison of the presented
algorithms for different parameter values.

6.1. The Gaussian mean change detection problem with model mismatch

In the classical Gaussian mean detection problem [7, I 1], the observation is ¥,, = E,, + X;, (n € N),
with X1, Xo, . .. i N, 1), E,, = & under Hy and E,, = & under H;, where & and &) are deterministic
constants. This problem can be formulated in the SegRDT framework (5) with 7 = 0 and Ny = 1. But,
in many applications, there might be a mismatch between the model and the actual signal observed in
practice. In reality, under either hypothesis, the actual signal would not be a constant assumed by the
model but be a perturbed version of this constant. Such unavoidable perturbation may be hard to model
in a parametric setup and likelihood ratio based tests can fail to guarantee reliable performance in the
presence of model mismatches [1]. However, the BlockRDT setup [4] and the SegRDT setup as given
in (5) and (14) are not limited by these drawbacks. Therefore, instead of dealing with the somewhat
unrealistic model described above, we consider the case when the signal is E,, = & + A, under H{; for
i € {0,1} and for all n € N. Here, A,, models possible additive distortion with unknown distribution
around &;. In what follows, we compare different algorithms for mean testing of the distorted signal =.
Specifically, we consider two cases: first the bounded regime (bounded distortion) case introduced in
Example 2 and then, the unbounded regime case (the distortion is not bounded). In the second case, we
show that even if the assumptions of SegRDT are not strictly satisfied, SegRDT will still be able to provide
sufficient performance guarantees.

6.2. Bounded Distortion

We consider the case where there exist known positive real values hg, h; and H such that 2hg < h; < H
and Vn € N, |A,| < hp and h; < |& — &| < H. We thus have [(A)n]| < hg and hg < hy — hg <
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|An + & — &l < ho + H, which imply:

€2y

Under Hyp:VN > 1,0 < {E)n—&| < ho,
Under 9‘(:1 VN > 1, h() < /1]-/10 < |<E>N—§0| < h0+H.

This makes it possible to test the distorted signal using SegRDT with the tolerances 7~ = ho, 7" = hj — hy,
7€ (7,77, 7y € [hy + H,0) and Ny = 1. This is all SegRDT needs to know to conduct the test,
irrespective of the distortion distribution. Note that Assumption 3.2 is satisfied so that we can benefit from
the most elaborate results established above.

For experimental illustration, we first choose A,, ~ U(hg), Yn € N, with h; € (hg, |1 — &l — ho] and
H € [|&1 — &) + ho, 00). This distortion distribution has to be fully known for SPRT, whereas SegRDT and
BlockRDT are unaware of it and need to know a few parameters only. We now discuss the algorithms and
their behavior in the considered bounded regime.

SeqRDT

By referring to (31) and Example 2, one potential choice of tolerances in the SegRDT framework can
be v7 = hy, " = 3hy, T = 2hg and Ty = |& — &| + ho. With this choice, H( and H; specify bounded
and separate regimes with Ny = 1. The choice of these values is not rigid. These values were chosen for
ease of presentation and illustration purposes, but infinitely many others could have been considered to
yet guarantee bounded and separate regimes. Note also that we need not know the distortion distribution
to design the tolerances. These tolerances can be learned over time or can be available a priori to the
user, as discussed earlier in Section 3. To perform SegRDT, we must first choose an appropriate buffer
size M > Ny — 1. We fix M such that Ppa(Dys) and Pyp(Das) are below specified levels @ and S,
respectively, by making use of the upper bounds derived in Theorem 4.4 (i). Henceforth, we choose
ho=1,a=p=10"%ora = 8 = 1073 in our simulations. Figures 1 and 2 display the upper bounds on
Pra(Dar) and Pyp(Day) given by Theorem 4.4 (i), when M increases. Note that the terms UB2pa (M) and
UB2yp(M) in Theorem 4.4 are infinite sums over N = M + 2 to co. For simulation purposes we curtail
the sum to N = 500 terms, which approximates the bounds sufficiently well. As stated by Theorem 4.2
(ii), these bounds decrease. Figures 1 and 2 suggest that we can choose M = Ny — 1 = 0. We have all
the required information to perform detection of a change in the mean of ¥;, by SegRDT (5). We again
emphasize that the bounds on Pga(Dyy) and Pyvp(Dyy) depend on the distribution of the signal through
7,77, 7" and Ty only. So, to choose an appropriate buffer size M, SegRDT only needs to know these
parameters rather than the complete distribution of the signal under both hypotheses, which is relevant in
practice.

BlockRDT

In the BlockRDT framework, the problem of testing the mean of a random process observed over a block
of N samples can be summarized as:

Observation: Y = E + X € M(Q, R)[LV]
b 2 € MQBRINL X1 X, Xy N, 1),
= and X independent, (32)
Ho: KEIWN -&ol <,
Hi: KEN —&ol > 7.

wit

The solution to this problem is proposed in [4] & [12]. Given N € N, any (measurable) map 7 : RN —
{0, 1} is called an N-dimensional test. The size of any such test T is defined as

ag = sup P[T(Y)=1|KE)N - &l < 7]
E e MQR)ILNI:P[|(E) v & |<7]#0

and the test is said to have level y € (0, 1) if @y < y. No Uniformly Most Powerful (UMP) test with level
v exists for BlockRDT. By UMP test with level y, we mean an N-dimensional test 7* such that a5+ < y
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and P[T*(Y) = 1 {E)n — &l > 7| = P[T(Y) = 1 (E)n — &l > 7 for any N-dimensional test T and any
Z e M(Q, R)ILNT We thus exhibit the subclass of BlockRDT-coherent tests, among which a “best” test
exists. Say that an N-dimensional test J is BlockRDT-coherent if:

[Invariance in mean] For all y, y’ € RN, if ( y)n = (y")n, then T(y) = T(y")

[Constant conditional power] For all Z € M(Q, R)I-¥1 independent of X, there exists a domain D of
[{E)n — &o| such that, for any p € D N (0, o), P[‘J’(Y) =1|{E)N - = p] is independent of P| (=), —¢|-

The rationale behind [Invariance in mean] is straightforward. [Constant conditional power]
encapsulates the idea that T should not yield different results for different distributions of |[{ E)n — &ol,
conditionally to |{ E)ny — &]| = p. The notion of domain is required for mathematical correctness.

Let X, denote the class of all N-dimensional tests with level y that satisfy (i) and (ii). This class can
be partially ordered as follows: given T, 7" € K,, write that T < J” if, for any E € M(Q RN (i) T
and 7" satisfy [Constant conditional power] on the same domain D and (ii) For all p € D N (1, ),

P[T(Y)=1|KE)N — &l = p] <P[T'X) =1|(E)N - &l = p]
According to [4] & [12], the N-dimensional test iT}*\,y : RN — {0, 1} defined for every x € RN by:

0if [(x)y — &l < 4, (tVN)/VN

33
1 otherwise. (33)

‘J’}k\,,y (x) = {

g MD
of false alarm and missed detection for BlockRDT, respectively, when the testing on Y is performed by

‘J’;‘V,y,so that ‘.T}k\]’y(Y ) is the accepted hypothesis in (32).

is maximal in X,: forany T € X,, T < ‘J’;‘Vy. Let PZ*PT(N, y) and P5E°T(N, y) be the probabilities

Proposition 6.1 PZ*"(N,y) <y & PEEPI(N,y) < 1 —v.

Proor: Apply Hy and H; specified in (32) to (11) and (12), with 6y = O since noise is Gaussian. W

Under Assumption 3.2, 3y and J{; in (32) are satisfied for 7~ instead of 7. Thereby, ﬂy(r\/ﬁ )/VN

can be replaced by 4, (7~ VN)/¥/N in (33). The resulting better performance guaranteed by BlockRDT is
given by the next proposition.

Proposition 6.2 Under Assumption 3.2, P;*""(N,y) <y & P55P"(N,y) < 1-01p2 (T+\/N, /Ly(T_\/]v )) .

Proor: Apply Assumption 3.2 to (11) and (12) under Hy and H; specified by (32). |
Given v, the upper bound on P 5°"(N, ) is non-increasing with N, which can thus be chosen large
enough to guarantee a specified missed detection probability. BlockRDT applies to the detection of a
change in the mean of E with bounded distortions by choosing 7~ = kg in (32) and |A,| < 7~. Given
a, B € (0, 1), we can compute the block size Ng_rpr required to drive the upper bound on P2 2°"(N, )

below B. The decision is made by T, y with N = Ngrpr and y = « in (33)

Sequential Probability Ratio Test (SPRT)

Suppose that the density probability density function f; of the observation is known under J{; fori = 0, 1.
Given a, 8 € (0, 1), and with initialization N = 1, SPRT has the following form:

If Ay < /liPRT, decide Hy and stops
If Ay > A3FPRT, decide H; and stops (34)
If 37T < Ay < A3FPRT : compute A and repeat
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with Ay = H,I:[ ! ?g‘;, ASPRT log 71—, and /lSPRT log —= LB The probability of false alarm P3*" and

the probability of missed detectlon PS"RT of SPRT are guaranteed to stay below a and 3, respectively [5, 6].
In our case,

. N 1 /—}Z)o exp (_(Yn—@;lm))z) dn
N Z 8 " ho Yu—(EtA)2\ 17
[ exp (- Qntér2) gp

n=1 —ho

SPRT is possible when the distortion distribution is completely known. But in many practical scenarios,
it is unaware of the distortion. In this case, we represent the algorithm by SPRT-MM and denote by
TsprT-MM, PELA™™™ and P3IR™ M its stopping time, probability of false alarm and probability of missed
detection, respectively. SPRT-MM has same thresholds as SPRT but log-likelihood updated as

£ - §1

An =N + (& - &) Z Y. (35)

6.3. Unbounded Distortion

Because Assumption 3.2 might not be satisfied for all types of distortion, we relax Assumption 3.2 by
considering unbounded distortions A,, ~ N(0, h(z)) for all n € N. The notation below remains the same as in
the bounded regime case. The robustness of SegRDT is however shown with respect to this experimental
setting.

SeqRDT

Since v~ = ho, 77 = 3ho, T = 2hpand Ty = |€1—&o|+ho, P[[{A)| < 7] = 0.9545,P[|{A)| < 77] = 0.6827,
P[I{A) + & — & > 7] = 0.9772 and P[|{A) + &1 — &| > 7F] = 0.8413 for |&) — &| = 4hg. According to
Figures 1 and 2 again, we choose M = Ny —1 =0 fora = 8 =0.01 and @ = 8 = 0.001. Although the
(a-s) convergence in Assumption 3.2 is not satisfied with Ny = 1, simulations show that this buffer size
does not impact the results significantly.

BlockRDT

For 7= = hy as in the bounded regime case, P[|A,| < 77] = 0.6827 for all n € N so that |A,| < 7
does not hold. However, as shown by the experimental results below, this does not really impact the
performance of BlockRDT for the detection of the distorted signal.

SPRT
Because SPRT is aware of the distortion distribution A,, ~ N(0, hz) (n € N), the log-likelihood ratio in

2_
(34) becomes Ay = N f(‘i j;) 511+ 520 ZN Y,,. Unaware of the distortion distribution, SPRT-MM remains

the same as specified above with log -likelihood ratio (35).
6.4. Comparison: SeqRDT, BlockRDT and SPRT

For both the bounded distortion case described in Section 6.2 and the unbounded distortion case described
in Section 6.3, we define |£] — &| as the Signal-to-Noise Ratio (SNR). First, in Table 1 we analyze the
average number of samples taken by SegRDT compared to its fixed sample size counterpart BlockRDT
for level @ = 8 = 0.01 and @ = 8 = 0.001. We choose the distortion parameter to be iy = 1 for both
bounded and unbounded distortion cases. We compare Np_rpt needed for BlockRDT to guarantee that
P EPT(Np_rDT, B) stays below S against T of SegRDT designed to guarantee that Pra(Das) and Pyp(Das)
stay below « and B, respectively. For, BlockRDT we chose 7+ = |£] — &| — ho for computing Ng_rprt-
This is the best 7+ we can choose to have the minimum possible Ng_rpt. Note from Table 1 that SegRDT
is faster compared to BlockRDT for both bounded and unbounded distortions even when the best possible
7" is known, specially at low SNRs.
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a=6=0.01

SNR = |£] - & 4 5 6 8

BlockRDT Number of samples, Ng.rpT 6 3 2 1
SegRDT, M = 0, Bounded Regime | Average stopping time, E[T] | 2.58 | 2.18 | 2.05 | 2.01
SegRDT, M = 0, Unbounded Regime | Average stopping time, E[T] | 2.79 | 2.37 | 2.23 | 2.17
a =£=0.001

BlockRDT Number of samples, Ng.rpT 10 5 3 2
SegRDT, M = 0, Bounded Regime | Average stopping time, E[T] | 3.74 | 3.05 | 2.81 | 2.70
SegqRDT, M = 0, Unbounded Regime | Average stopping time, E[T] | 3.98 | 3.28 | 3.04 | 2.90

BlockRDT

In Tables 2 and 3, we compare the average stopping times and probabilities of false alarm and missed
detection of SegRDT against SPRT and SPRT-MM, for different SNRs and for levels @ = g = 0.01
and @ = 8 = 0.001. We average the stopping times, the probabilities of false alarm and probabilities
of missed detection over 10® Monte Carlo iterations. The stopping time is taken to be the average of
the stopping times under the two hypotheses. As expected, SPRT is optimal if the distortion and noise
distributions are completely known. Otherwise, the SPRT-MM probabilities of false alarm and missed
detection are higher and do not stay below the levels @ and S for unbounded distortions, especially at low
SNRs. SPRT is sensitive to model mismatches, whereas SegRDT is robust and requires knowledge of only
a few parameters. The results of Table 3 implies that Assumption 3.2 need not be satisfied in a strict (a-s)
sense. If the assumption is satisfied with sufficiently high probability, SegRDT still provides sufficient
performance guarantees. This means that SegRDT is also robust to mismatches with respect to the choice
of parameter values and can be expected to perform well even if the tolerances are not known precisely or
known approximately.

7. Conclusion and Perspectives

In this work, we proposed a new framework SeqRDT for non-parametric sequential mean testing. Under
mild assumptions on the signal, SegRDT satisfies the properties desired for a sequential test. We studied
the properties of the thresholds and showed that the chosen thresholds are appropriate for conducting the
sequential test. We introduced the concept of buffer size; this buffer size helps in controlling Pga (Dys) and
Pump(Dar) of the proposed test. Simulations showed that the SegRDT approach leads to faster decision
making compared to its fixed sample counterpart BlockRDT [4]. Moreover, we showed that SegRDT is
robust to model mismatches compared to conventional sequential testing procedures [5, 6].

Many mathematical results established above generalize to any dimension for the observation, signal
and noise. Extension of SeqgRDT to multi-dimensional observations may thus be addressed in future
work. Future directions could also concern truncated versions of SeqRDT, where the algorithm stops if a
decision is not made within a specified time interval. Such an algorithm can be expected to require fewer
assumptions on the signal compared to SegRDT.
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A. USEFUL LEMMAS

A. Useful lemmas
Lemma A.1 Forany N € N and any n > 0, we have:

E [Ql/z (\/NKE)N —§0|,U‘/ﬁ)] - 26N
SPIKEWN +(X)n — &0l > 1]

<E| 012 (VNI(Ew - &0l nVN) | + 26w

with 6y =cE [ X1 —E[X;] |3] Var (X;1)32N~1% and 2n)™'* < ¢ < 0.8.

Proor: The Berry-Essen inequality [13, p. 374, Chap. 3] implies:

RR-2018-01-SC

sup |P[\/ﬁ( X)n < x] -
xeR

()| < oy

a=£=0.01
SNR = |&] — & 4 5 6 8
Average stopping time, E[T'] 2.58 2.18 2.05 2.01
SeqgRDT, M =0 Pra(Dar) 1.23x107% | 1.23x107* | 1.18 x 107 | 1.23 x 107™*
Puvp(Dar) 1.27x107% | 6x107° 0 0
Average stopping time, E[7sprr] 1.40 1.14 1.04 1
SPRT PERT 13x107% | 6.34x107 | 2.25x 107 | 1.3x107°
PoT 1.3x107 | 6.1x107* | 1.89x107* | 1.4x 107
Average stopping time, E[Tsprr-Mm]| 1.27 1.09 1.03 1
SPRT-MM PEFRTMM 34x107° | 1.4x1073 | 433x107* | 2.2x 1073
PYIRTMM 34x107 | 1.4x107° [ 391x107* | 22x107
a = =0.001
SNR = |&] — & 4 5 6 8
Average stopping time, E[T'] 3.74 3.05 2.81 2.70
SegRDT, M =0 Pra(Dar) 4x107° 3x107° 6x107° 3x107°
Puvp(Dar) 3x 107 0 0 0
Average stopping time, E[Tsprr] 1.74 1.29 1.10 1
SPRT PERT 1.67x107* | 9x 107 | 3.8x107 | 1x107°
PSERT 1.78x107* | 7.7x107 | 3.8x107° | 3x107°
Average stopping time, E[TsprT-MmMm] 1.50 1.18 1.06 1
SPRT-MM PEPRTMM 6.89x107* | 3.54x107* | 1.16 x 1074 | 7x 107°
piFRTMM 6.88x107* | 3.07x 107 | 1.04x 10 | 9x107°
Appendices
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a=£=0.01
SNR = |&] — & 4 5 6 8
Average stopping time, E[T'] 2.79 2.37 2.23 2.17
SeqRDT, M =0 Pea(Dar) 24%x1073 | 25%x1073 | 24x1073 | 24x1073
Puvp(Dar) 1.1x1073 | 1.32x107% | 2x107 0
Average stopping time, E[7sprr] 1.84 1.38 1.16 1.02
SPRT PSPRT 22x107% | 1.3x107° | 7.35x 107 | 1.43x 107
PoT 2.1x107 | 1.3x107% | 7.49%x107* | 1.26 x 107*
Average stopping time, E[Tsprr-Mm]| 1.32 1.14 1.06 1.01
SPRT-MM PEFRTMM 1.68x 1072 | 8.8x 1073 | 42x 1073 | 594x107*
PyEXTMM 1.66x 1072 | 8.6x107 | 4x107° | 6.56x 107
a = =0.001
SNR = |&] — & 4 5 6 8
Average stopping time, E[T'] 3.98 3.28 3.04 2.90
SegRDT, M =0 Pra(Dar) 333x107* | 3.47x107* | 3.19x 107 | 3.17 x 107
Puvp(Dar) 1.24x107% | 5x10°° 5% 1076 0
Average stopping time, E[7sprr] 2.44 1.73 1.34 1.05
SPRT PSPRT 2.08x107* | 1.59x107* | 1.03x 107* | 2.85x 1073
PyRT 2.09% 107" | 1.54x 107 | 1.03x107* | 2.57x 107
Average stopping time, E[TsprT-MmMm] 1.57 1.24 1.10 1.01
SPRT-MM PEPRTMM 6.2x 1072 | 35x107° | 1.8x1073 | 2.88x 107
PyEXTMM 6.2x 107 | 3.6x107 | 1.8x107% | 3.05x 107

Since ( E)y and ( X))y are independent, we have:
UK + (Xon —&ol <1l = [ PLIx+ (XM < 1] Pezy-a(d)

It then follows from (36) that, for all x € R:

Y(xVN,nVN) = 265 < B[lp +(X)n| < 1] <y (xVN,nVN) + 26y (37)
with (a, b) = ®(b — a) — O(—b — a) for any (a, b) € R x R. We derive from the foregoing that:
E[w(«/ﬁ (<X>N—fo),nﬁ)] - 26y
< PI(EW +(X)v — &0l <l
<E |y (VN (X0 = &).1VN) | + 26w
and conclude since y/(a, b) = ¢(|al, b) = 1 — Qy2(a, b). [

RR-2018-01-SC 18
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Lemma A.2 I E satisfies Assumption 3.1, then, for any y € (0, 1), we have:
Jlim 013 (VN (2w = &ol, (VW) ) = Kprsee) (2D = o) (a-5).

Proor: Under Assumption 3.1, Al[im [{E)N — & = [(E)o — &| (a-s). Therefore, there exists Q' € F
such that P(Q") = 1 and for all w € Q’, ]\}im [{(E)n(w) — & = [(E)o(w) — &]. It follows that, for any
& > 0 and any w € Q’, there exists Ny(g, w) € N such that, for any N > Ny(e, w),

[(E)o(@) = &0l — & < (E)N(W) = &0l < [(Eho(w) — &0l + &

Because Q1s(e, /L/(T\/ﬁ) increases, we can also write that, for all £ > 0 and all w € Q’, there exists
No(g, w) € N such that, for any N > Ny(e, w):

0112 (VN (I(@el) ~ &0l - ), 4, (xVW))
< 01 (VN (@) (@) - ol (VW)
<012 (VN (1B)st@) = &0l + £), (VN (38)
Under Hy, (6) implies the existence of Qg € F such that, for any w € Qo, [{E)o(w) — &| < 7~ Choose

€ > 0suchthat 7~ + & < 7. Forany w € Qy, [(E)o(w) — &| + & < 7. Therefore, for any w € Q, it follows
from Lemma B.2 that:

Jim 015 (VN (1E)e(@) = &l + 2), 4, (VW) = 0. (39)
Since P(QQ' N Q) = 1, Egs. (38) and (39) imply that:
lim 01> (VN (2w = &0l 4, (rVN)) =0 (a-s)

Under H, the proof is similar. From (6), there exists Q1 € F such that: Yw € Qq, |{E)(w)—&| > 7.
For &£ > 0 such that 7+ — & > 7, Lemma B.2 induces that, for any w € Q;:

lim 0172 (VN (1@ke(@) - ol - ). ,rVV)) = 1. (40)
Since P(Q" N Q) = 1, it follows from (40) and (38) that:
Jim 01> (VN [(E)n = &0l (VW) = 1 (a-s),
which concludes the proof. m

B. Asymptotic properties of the thresholds
Lemma B.1 Foranyy € (0,1):

(i) lim (4,(p) - p) = O~ (1 - y);

(i) F}ergo H(p)p =1

Proor: We prove (i) only since it straightforwardly implies (ii). Pose g(p) = 4,(p)—pand 6 = o 1(1-y).
Since ®(x) + ®(—x) = 1, (2) and the definition of 4, (7) induce that:

D(g(p)) + D(g(p) +2p) = 1+ D(O). (41)
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B. ASYMPTOTIC PROPERTIES OF THE THRESHOLDS

To prove that g(p) tends to 8 when p — oo, we proceed by contradiction. If g(p) does not tend to 6

when p — oo, there exists some positive real number € such that, for all n € N, there exists some real

number p,, > n such that either g(p,,) > 6 + € or g(p,) < 6 — &. Basically, lim p,, = co. Consider any
n—oo

n € (0, ®(0) — ®(6 — &)). Since r}l_r)xgo D2p, + 6 + &) = 1, there exists Ny € N such that, for all n > Ny:
OR2p,+0+e)>1-—n. 42)

Similarly, since nh_r)lgo D2p, + 6 — ) = 1, there exists N; € N such that, for all n > Nj:
DRp,+0—¢e)<1+n. 43)

Let n be any integer above max(Np, N1). If g(p,) < 8 — &, we then have ®(g(p,)) < ®(0 — &) and
DR2p, + g(pn)) < P2p, + 6 — ). Egs. (41) and (43) then imply that:

1+DO0) < DO -e)+DPRp,+0—¢6)<DPO—-—e)+1+mn,

which is impossible because of our choice for . Therefore, we cannot have g(p,,) < 8 — . We cannot
have g(p,) > 6 + ¢ either because, via (41) and (42), this inequality leads to:

1+D0)> DO +e)+DPRp,+0+¢)>DO+e)+1-—n, 44)

which is contradictory to our choice for 7. |

Lemma B.2 (Asymptotic behavior of O, in vanishing noise) Consider v € |0,00) and p € (0, o)
such that p # 1.
¥y € (0, 1), lim Q1> (/e (/) = ¥(r.eo)(p):

Proor: Let (0y,)nen be a sequence of positive real values such that lim ¢, = 0 and set p,, = /0y

n—oo

for each n € N. According to (1), Q1/2((p/T)pn, 4y (pn)) = P [|(p/1') + X/pn| > /ly(p,,)/pn] for any
X ~ N(O,1). It follows from Lemma B.1 (ii) that [(p/7) + (X/pn)| = 4, (pn)/pn = (p/7) — 1 (a-s).

Therefore, the cdf of |(p/T) + (X/p,,)| — Ay (pn)/7n converges weakly to ¥((,/r)-1,c0)- Since p # 7, this
weak convergence implies that lim P H(p /T)+ X/ pn| > Ay (pn)/ pn] = K(z,00)(p). Thence the result since
n—-oo

(0n)nen is arbitrary. [ |

Lemma B.3 (Non-Asymptotic behavior of Q/,) Given 1 € [0, ), p € (0,00) and y € (0, 1), the map:

constant equal toy if p =1
o€[0, )= Q12 (po, Ay (107)) is { non-increasing if p < T

non-decreasing if p > T

Proor: Given p and 7, we want to study the behavior of

o) = Q12(po, 4, (10)) = 1 = O(r_(0)) + D(~14(0)) (45)

with r (07) = A4, (o) + po and r_(0) = A, (t0) — po. For p = 7, it follows from (3) that Q is constant
equal to y. We thus have 1 — ®(4,(r0) — 70) + D(=1,(10) — 7o) = y. After differentiating the two
members of the equality above and after some routine algebra, we obtain:

/l;,(TO') — (1 _ e—ZTO'/Ly(TO'))/(l + e—ZTO'/ly(TO')) (46)
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where A is the first derivative of 4. We now differentiate Q defined by (45). Some easy computation
yields:

1 1 + e 2Py (o)
Q(o)=—= (e—rf(o-)/z_e—rf(a-)/z) o0 - T/L;(‘z'o-)—e_2
V2r | — e~ 200 (@T)
By injecting (46) into the equality above, we obtain:
(o) = T (e—rf(cr)/Z _ e—ri(cr)/z) (.2 _Adi(p T)) 7
\ 27T T A+l(p5 T)

with Ag(p, 7) = (1 + e 77T /(1 + ge72P7 5 T)) and g € {1, +1}. Forall ¢ > 0, the sign of Q' is
therefore that of (o/7) — (A—1(p, T)/A+1(p, T)) We verify easily that:

{ p<teA(pr)>loApr)<l1
p=1eA(p7)=A(p,7)) =1

Therefore, if p < 7, p/T < 1 < A_(p,7)/A+(p, T), which implies that Q’(¢0-) < 0 and, thus, that Q
is non-increasing. On the other hand, if p > 7, we have p/t > 1 > A_(p,7)/A+(p, T), so that Q is
non-decreasing in this case. |

Lemma B.4 Given p € (0, 00), the map y € (0, 1) = A4, (p) is decreasing.

Proor: A straightforward consequence of (3) and the decreasing nature of Q/, with its second argument.
|

Lemma B.5

(P1) For any 7 € [0, %) and any n € [1, ), the map o € (0,0) > Q12(t/0, n/0) is non-decreasing.

(P2) The map p € (0,00) = Q1> (0, p) is non-increasing, lower-bounded by 1/2 and lim Ql/z(p, p) =
p—)OO

1/2.
(P3) For any y < 1/2, the map p € (0, 00) — A,(p)/p is non-increasing and lower bounded by 1.

Proor: Throughout the proof, W ~ N(0, 1). For any pair (7,77) € (0, o) X (0, c0) and any o € (0, o), (1)
implies that:
Qip(t/on/o) =P[lr+oW|>n]. (48)

We then define f(o, x) = |7+ ox|? —n? = x>0% + 2tx0 + 1> — 1%, for every o € (0, ) and every x € R.

We can thus write that:

Qipa(t/o,n/o) =P[ f(o, W) > 0]. (49)
Proof of statement (P1): Given any x € R, the reduced discriminant of the quadratic polynomial f(e, x)
is A’(x) = x?n*. Therefore, for x # 0, A’(x) > 0 and f(e, x) has two roots, oo(x) = —(7/x) — (n/|x|)
and o(x) = =(t/x) + (n/|x|), possibly equal. Since we assume 1 > 7, 0p(x) < 0 < o(x). Therefore,
[f(O', W) > 0] N [W # O] = [a’ > o-l(W)]. Because W # 0 (a-s), we derive from the foregoing and (49)
that

Oip2(t/onjo) =P[oi(W) <o ]. (50)

If0 < o < o/, [0'1(W) < 0'] - [0'1(W) < o"]. It follows from (50) that Qy, (/o n/o) <
Qi1)2(r/o’,n/o’). Thence the result.

Proof of statement (P2): The map p € (0, 00) = Q> (p, p) is non-increasing as a consequence of (P1).
Given p € (0, ), it follows from (48) that

Qipp,p)=P[[1+W/p|>1]. (51)
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Since [|1+ W/p| > 1] > [W > 0] and P[W > 0]= 1/2, (51) induces that Q(p, p) = 1/2. When p
tends to oo, (1/p)W? + 2W converges (a-s) to 2W. Therefore, for any sequence (p,,),cn of positive real
values such that Iéim pn =0, Fy Jon)W242W = Fow. Because Fay is continuous everywhere, it follows
from (S1) that lim Q1 /2(pn, pn) =1 = lim Fyjp, yw2.0w (0) = 1 = Fow (0) = 1/2.

Proof of statement (P3): Let p and p’ be two positive real numbers such that 0 < p < p’. According to
(3), we have:

O12(p 4(p)) = O12(0", 4, (0)) = 7. (52)

Since y < 1/2, it follows from (P2) and (52) that Q/2(p,p) = 1/2 > Q12(p, 4,(p)). The non-
increasing behavior of Q/, with its second argument implies that 4,(p) > p, so that 4,(p)/p is lower
bounded by 1. We then derive from (P1) that x € (0,00) > Q)2 (p/x, 4,(p)/x) is a non-decreasing
map. Since p/p’ < 1, we have Q12(p, 4,(p)) = Q1/2(p", p’4(p)/p). This inequality and (52) induce
that Q1/2(p’, 4,(p")) = Q12(p", p’Ay(p)/p). The non-increasing nature of Q;»(p’, ®) then implies that
A4,(p") < p’A,(p)/p. Thereby, p € (0, 00) — A,(p)/p does not increase. |

Lemma B.6 Fory € (1/2,1) and p large enough, the map p € (0, 0) — A, (p)/p is non-decreasing and
upper bounded by 1.

Proor: According to statement (i) of Lemma B.1, 4,(p) — p = ®~'(1 — y) + x(p) where « is such that
lim «(p) = 0. Since y > 1/2, (1 —y) < 0. Given 7 such that 0 < n < —®~!(1 — ), there exists p
P—00

such that, for all p > po, k(p) < 1. Therefore, for all p > pg, 4,(p) — p < @~ '(1 —y)+n < 0. We have
hence proved that A,(p) < p for p large enough.

Pose f(p) = A,(p)/p so that D(p(f(p) — 1)) — D(—=p(f(p) + 1)) = 1 — y. By differentiation of this
equality with respect to p and since f is differentiable via the implicit function theorem, we find that f’(p)

has the same sign as T(p) = (1 — f(p)) (ezﬂ’ly(fo) + %) For p large enough, f(p) < 1 by the first

part of the proof and Lemma B.1 implies that lim (o) = co. Therefore, Y (p) > 0 for p large enough and
p—)OO

the proof is complete. |

RR-2018-01-SC 22



REFERENCES

References

[1] D. Pastor and Q.-T. Nguyen, “Random Distortion Testing and Optimality of Thresholding Tests,”
IEEE Transactions on Signal Processing, vol. 61, no. 16, pp. 4161 — 4171, Aug. 2013.

[2] Quang-Thang Nguyen, Contributions to statistical signal processing with applications in biomedical
engineering, Phd thesis, Telecom Bretagne, 2012.

[3] Quang-Thang Nguyen, Dominique Pastor, and Erwan L’Her, “Automatic detection of autopeep
during controlled mechanical ventilation,” BioMedical Engineering OnLine, vol. 11, no. 1, pp. 32,
2012.

[4] D. Pastor and Q. T. Nguyen, “Robust statistical process control in Block-RDT framework,” in 2015
IEEE International Conference on Acoustics, Speech and Signal Processing (ICASSP), April 2015,
pp- 3896-3900.

[5S] A. Wald, “Sequential tests of statistical hypotheses,” The Annals of Mathematical Statistics, vol. 16,
no. 2, pp. 117-186, 06 1945.

[6] A. Wald, Sequential Analysis, John Wiley and Sons, New York, 1948.

[7] A. Tartakovsky, M. Basseville, and 1.V. Nikiforov, Sequential Analysis: Hypothesis Testing and
Changepoint Detection, Chapman & Hall/CRC, 2014.

[8] K. R. Sahasranand and V. Sharma, “Distributed nonparametric sequential spectrum sensing under
electromagnetic interference,” in ICC 2015, London, UK, June 8-12, 2015.

[9] Y. Sun, A. Baricz, and S. Zhou, “On the Monotonicity, Log-Concavity, and Tight Bounds of the
Generalized Marcum and Nuttall Q-Functions,” IEEE Transactions on Information Theory, vol. 56,
no. 3, pp. 1166 — 1186, Mar. 2010.

[10] D. Pastor, R. Gay, and A. Gronenboom, “A sharp upper bound for the probability of error of
likelihood ratio test for detecting signals in white gaussian noise,” IEEE Transactions on Information
Theory, vol. 48, no. 1, pp. 228 — 238, Jan. 2002.

[11] M. Basseville and 1. V. Nikiforov, Detection of Abrupt Changes - Theory and Application, Prentice-
Hall, Inc., 1993.

[12] Dominique Pastor and Francois-Xavier Socheleau, “Random distortion testing with linear measure-
ments,” Signal Processing, vol. 145, pp. 116 — 126, 2018.

[13] A. N. Shiryaev, Probability, Springer-Verlag, 1995.

RR-2018-01-SC 23



OUR WORLDWIDE PARTNERS UNIVERSITIES - DOUBLE DEGREE AGREEMENTS

IMT Atlantique Bretagne—Pays de la Loire — http://www.imt-atlantique.fr/

Campus de Nantes
4, rue Alfred Kastler

Campus de Brest
Technopdle Brest-Iroise

CS 83818 CS 20722
29238 Brest Cedex 3 44307 Nantes Cedex 3
France France

T+33(0)22900 11 11
F +33(0)229 00 10 00

T +33(0)2 51 85 81 00
F +33(0)299 1270 08

IMT Atlantique

Bretagne-Pays de la Loire
Ecole Mines-Télécom

Campus de Rennes

2, rue de la Chataigneraie

CS 17607

35576 Cesson Sévigné Cedex
France

T +33 (0)2 99 12 70 00
F+33(0)251 858199

3 CAMPUS, 1 SITE

Site de Toulouse

10, avenue Edouard Belin
BP 44004

31028 Toulouse Cedex 04
France

T +33 (0)5 61 33 83 65

© IMT Atlantique, 2018
Imprimé a IMT Atlantique
Dépdt 1égal : March 2018
ISSN : en cours


http://www.imt-atlantique.fr/

	Introduction
	Notation
	Problem statement
	SeqRDT
	An extension
	Experimental Results and Discussion
	The Gaussian mean change detection problem with model mismatch
	Bounded Distortion
	Unbounded Distortion
	Comparison: SeqRDT, BlockRDT and SPRT

	Conclusion and Perspectives
	Annexes
	Useful lemmas
	Asymptotic properties of the thresholds
	References

