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Abstract. In low power wide area networks (LPWAN), a packet trans-
mitted by a device can be received and decoded by all surrounding base
stations (BS). If at least one of the base stations decodes the packet, the
latter is delivered to the system. This scheme is called selection combin-
ing (SC) macro diversity and has been studied in the literature. However,
the existing research only cares about the average packet-loss probability
over the entire networks. In this paper, we consider as the main perfor-
mance indicator the outage probability, which better takes into account
the real availability of the service in any part of the area: the outage
probability. Given an outage probability constrain, we study the mini-
mum required BS spatial density of SC macro diversity based LPWAN.
The numerical results show that if both target packet loss rate and out-
age probability are 10%, the minimum BS spatial density required by SC
macro diversity is at most half of that required by traditional BS attach
method. The performance gain is more significant when the network load
increases.

Keywords: macro diversity · selective combining · LPWAN.

1 Introduction

Low Power Wide Area Network (LPWAN) is regarded as a promising solution to
handle future machine type communication (MTC) traffic [12]. There are several
technologies, but most representative ones (Sigfox and LoRaWAN) are based on
Aloha because of its simplicity [10].

In cellular networks, a device always attaches to the Base Station(BS) for
which the received power averaged over all fading realizations is the strongest
and then transmits packets to its attached BS. This scheme is referred to as
Best BS attach mode. However, a device in LPWAN works in a different way: it
sends a packet in broadcast mode without BS attach procedure and benefits from
macro reception diversity, which is defined as the capacity of several BS to receive
the same packet (see Fig. 1). Each BS autonomously and independently decodes
the packets and then sends the decoded packets to the core network. That is to
say, each BS is equipped with a packet decode function, and the backhaul link
between BS and core network transmits only when a packet is received at the
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BS. The core network is in charge of duplicate received packets removal (e.g.,
by comparing the identity and message content conveyed in packets). A packet
is successfully delivered if at least one BS decodes the packets. This scheme is
referred to as selection-combination-based macro diversity, simply written as SC
macro diversity . It is currently used by Sigfox and LoRaWAN [10].
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Fig. 1. Macro Reception Diversity Scheme Illustration

In the literature, the performance of ALOHA is usually evaluated with indi-
cator (e.g. packet loss rate) that is averaged over the entire networks. This kind
of indicator gives a global view about the quality of service in LPWAN networks
but still have its limitations. For example, with a target network level packet
loss rate such as 10%, it is very possible that devices in the neighborhood of BS
never fail while devices at the border of BS coverage area have packet loss rate
higher than 10%.

In this paper, we consider a performance indicator that better takes into
account the real availability of the service in any part of the area: the outage
probability . This indicator is defined as the probability that at any location a
device has a link-level packet loss rate greater than a target value. For example,
the statement that a LPWAN network has an outage probability of 10% with
target packet loss rate 1%, means that at any location, the probability that a
device has a packet loss rate higher than 1% is 10%. With outage probability,
we can study the minimum BS spatial density if a LPWAN operator needs
to guarantee a certain level of grade of service (i.e. outage probability). These
studies can help LPWAN operators to deploy their network in an efficient way.

Combining techniques were studied to improve the performance of cellular
networks in the 1990s. For example, the performance of SC macro diversity is
studied for GSM networks with a remote antennas system by using hexagonal
topology [7]. The packet loss rate and system capacity in ALOHA networks
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are usually analyzed with Stochastic geometry. The performance of SC macro
diversity for BS with multiple receiver branches was studied in [9]. Stochastic
geometry has served as a powerful tool to study the performance of LPWAN. In
this field, Baccelli et al. [2] use Laplace transform for interference analysis for
slotted ALOHA. Haenggi et al. [6] extensively study the outage probability in
SINR-based capture model for slotted ALOHA. B laszczyszyn et al. [3] open the
door to study pure ALOHA with stochastic geometry. In our previous work [11],
we neglected the background noise and obtained closed-form expression of aver-
age packet loss rate in SC macro diversity based Aloha LPWAN and showed the
performance gain compared to best BS attach. However, to our best knowledge,
SC macro reception diversity with outage probability for ALOHA systems has
not been studied in literature.

The remaining of this paper is organized as follows: Sec. 2 introduces the
system model in which we take into account the Rayleigh fading, shadowing,
background noise and capture effect. Sec. 3 analyzes the successful packet trans-
mission probability for a given pair of device and BS based on some stochastic
geometry research results. These analyzes cover both pure and slotted ALOHA.
Sec. 4 presents our analysis about the minimum required BS spatial density
under outage probability constraint. Sec. 5 presents numerical results and dis-
cussions. Sec. 6 concludes this paper.

2 System model

For any random variable (RV) X, let fX(x), FX(x),LX [s], φX(ω) be its proba-
bility density function (PDF), cumulative distribution function (CDF), Laplace
transform (LT) and characteristic function (CF), respectively.

2.1 Distribution of Nodes and Traffic Model

We consider a large wireless network over a two-dimension infinite plane. The
locations of terminals form a stationary Poisson point process (PPP) Φm = {xi}
on the plane R2, where xi refers to the coordinates of device with label i. The
spatial density of Φm is λm. Similarly, the locations of base stations also form a
stationary PPP Φb = {yj} with spatial density λb.

2.2 Slotted ALOHA and Pure ALOHA

In the system model, we consider pure ALOHA (P-ALOHA) and slotted ALOHA
(S-ALOHA). For slotted ALOHA, the time domain is equally divided into slots
with duration Tslot. In each slot, each device independently decides to transmit a
packet with probability p. The propagation delay is assumed to be much smaller
than Tslot. Hence, there is a global slot synchronization over the whole network.
In pure ALOHA, devices send packets without synchronization, but we still use
parameter p. The packet generation process can be seen as an internal slotted
system in each device with p the probability to transmit in a slot of duration
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Tslot. At a given time, the locations of terminals that are transmitting a packet
form a thinned PPP with spatial density pλm. For slotted and pure ALOHA,
we define the normalized load (per BS) as L = pλm/λb.

2.3 Propagation model

The propagation model is based on Okumura-Hata with both shadow and Rayleigh
fading. We assume that MTC devices transmit with identical power level denoted
by Pt. The received power Pr of a packet at the BS is given by:

Pr = PtKrg
−γH10σdBχ/10 = PtKrg

−γH exp
(
σdB

ln(10)
10 χ

)
, (1)

where K is a constant which depends on the antenna characteristics and the
average channel attenuation, rg refers to the Euclidean distance between the
transmitter and the receiver, γ is the path-loss exponent, H is an exponentially
distributed RV with mean 1, and χ is a standard normal variable. For the sake of
simplification, we define σ = σdB ln(10)/10. We assume that H and χ are both
constant during a packet transmission, and mutually independent for different
links.

Capture effect is taken into account to determine whether a BS could decode
a received packet. Thus, the transmission success probability ps for a transmit-
receiver pair is defined as follows:

ps = P
{

SINR =
Pr

I + σ2
n

≥ θT
}
, (2)

where I refers to the suffered cumulative interference during packet transmission,
σ2
n is the background noise power.

2.4 Displacement Theorem

To facilitate the analysis, we use the displacement theorem, which is formulated
as a lemma in [4, lemma 1].

Lemma 1. For a homogeneous PPP Φ ⊂ R2 with spatial density λb, if each

point rg ∈ Φ is transformed to r ∈ R2 such that r = X−
1
γ rg, where {X} are

i.i.d., such that E
[
X−

2
γ

]
< +∞, the new point process Φ

′ ⊂ R2 defined by the

transformed points r is also a homogeneous PPP with density λ
′

b = λbE
[
X

2
γ

]
.

We thus rewrite (1) as follows:

Pr = PtKHr
−γ , with r = PtK exp(−χ/γ)rg, (3)

which indicates that the performance analysis in the initial PPP with shadowing

is equivalent to that in a transformed PPP of intensity λ
′

b = λbE
[
e

2
γ χ
]

= λbe
2σ2

γ2
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without shadowing but with the modified distance r. The PDF of r, proved in [1],
is given as follows:

fr (r) = 2πλ
′

b exp(−λ
′

bπr
2)r, r ∈ [0,+∞] , (4)

In the following, all distances are the modified ones in the transformed PPP.

3 Link-level Transmission Success Probability

We first study the transmission success probability ps(r) for a given uplink be-
tween a device with label x0 and a device with label y0. The distance between
x0 and y0 is denoted by r. For the considered device x0, all the other interfering
devices constitute a PPP Φm\ {x0}. Combining (1) and (2), we have:

ps (r) = P

{
PtKHr

−γ∑
xj∈Φm\{x0} PtKHxjr

−γ
xj + σ2

n

≥ θT

}
, (5)

Using Slivnyak’s theorem [14][Theorem 2.3.3], (5) can be further simplified:

ps (r) = P

{
PtKHr

−γ∑
xj∈Φm PtKHxjr

−γ
xj + σ2

n

≥ θT

}
. (6)

Let I =
∑
xj∈Φm PtKHxjr

−γ
xj , which is the cumulative interference suffered by

x0. As shown in [6], ps (r) can be expressed in terms of Laplace transform of
cumulative interference LI(s) at point θT r

γ :

ps (r) = P
{
H ≥ (I +

σ2
n

PtK
)θT r

γ

}
= exp(−σ

2
nθT
PtK

rγ)

[∫ +∞

0

exp(−yθT rγ)fI(y)dy

]
= exp(−σ

2
nθT
PtK

rγ)LI {θT rγ} , (7)

Now the problem is down to calculate the Laplace transform of cumulative in-
terference suffered by the BS at the origin.

Interference I in 2 is constant during a packet transmission for S-ALOHA, but
may vary with respect to time for P-ALOHA because other MTCs start or stop
their transmissions during the packet transmission. With advanced transmission
techniques (e.g., interleaving, robust channel coding, etc.), I is the average value
within the considered packet transmission and the access is called Pure Aloha
with average interference (Pa-ALOHA). For both access schemes, the Laplace
transmission of I, proved in [3], is as follows:

LI (s) = exp
{
−pλmπA exp

(
2σ2/γ2

)
s2/γ

}
, (8)
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where A is defined as follows:

A =

{
Γ(1− 2/γ)Γ(1 + 2/γ) , for S-ALOHA
2γ
γ+2Γ(1− 2/γ)Γ(1 + 2/γ) , for Pa-ALOHA

where Γ (·) is the gamma function.

For P-ALOHA without advanced transmission techniques, I is the maximum
interference value during the packet transmission and is called maximum inter-
ference (Pm-ALOHA). Its closed-form expression of LT does not exist [3]. In [11,
Sec.III-B], we propose to approximate Iyj by un upper bound that is the sum
of interference levels at the start and end time of the considered packet trans-
mission. With our proposed proposed upper bound, (8) is extended to cover the
case of Pm-ALOHA with A = 2Γ(1− 2/γ) Γ(1 + 2/γ).

By combining (7) and (8), we can generalize the link-level success transmis-
sion probability ps(r) for all ALOHA cases (slotted and pure ALOHA) :

ps(r) = exp(−σ
2
nθT
PtK

rγ) exp(−pλmπAθ
2
γ

T e
2σ2

γ2 r2)

= exp (−ηT rγ) exp
(
−εT r2

)
(9)

where σ2
n is the background noise power, θT is the capture ratio, Pt refers to the

device transmit power, K is a positive constant related to propagation model

and constant A is defined in (8). For the simplicity of notation, let ηT =
σ2
nθT
PtK

,

εT = pλmπAθ
2
γ

T e
2σ2

γ2 .

4 Minimum required BS density

The transmission success probability ps(r) paves the way to study the minimum
required spatial density λb,min for best BS attach and SC macro diversity.

4.1 Best BS Attach

Consider a device at the origin. If best BS attach method is applied, according
to (9), the link level packet loss rate pf,b(r) is:

pf,b(r) = 1− exp (−ηT rγ) exp(−εT r2), (10)

where ηT =
σ2
nθT
PtK

, εT = pλmπAθ
2
γ

T e
2σ2

γ2 .

Let Pf,max be the target network loss rate and Poutage,b be the outage proba-
bility (the subscript b refers to the best BS attach method). Since the link level
packet loss rate pf,b(r) is a function of r, thus, the proportion of devices that
have higher packet loss rate than Pf,max, namely the outage probability Poutage,b,
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can be expressed as follows:

Poutage,b =

∫ +∞

0

1r[pf,b(r) > Pf,max]f(r)dr =

∫ +∞

rc

f(r)dr

= 1−
∫ rc

0

f(r)dr = exp(−λbe
2σ2

γ2 πrc
2), (11)

where 1r [·] is a indicator function about r and its PDF is given in (4), rc is the
critical distance that can be numerically calculated from equation pf,b = Pf,max.
The critical distance rc is calculated by substituting pf,b(rc) = Pf,max into (10).

1− exp (−ηT rγc ) exp(−εT r2c ) = Pf,max (12)

Although there is no closed-form expression for critical distance rc, the latter
can be easily numerically calculated by leveraging the fact that pf,b(r) is a mono-
increasing function with respect to r.

With the obtained rc and a given outage probability, the minimum BS spatial
density λb,min can be obtained by inversing (11):

λb,min = − ln(Poutage,b)
1

π exp(2σ2/γ2)r2c
, (13)

where ln (·) is the natural logarithm operator.

Without background noise In an interference-limited LPWAN system, the
background can be reasonably neglected. Closed-form expression rc can be ob-
tained from (12) by letting ηT = 0:

rc =

[
ln(1− Pf,max)/

(
−pλmπAθ

2
γ

T e
2σ2

γ2

)]1/2
(14)

With substitution of (14) into (13), λb,min is as follows:

λb,min = pλm
ln(Poutage,b)Aθ

2/γ
T

ln(1− Pf,max)
. (15)

4.2 SC Macro Reception Diversity

Different from best BS attach method, whose link-level packet loss rate only de-
pends on the distance to the nearest BS, the performance of SC macro reception
diversity depends on a distance vector ri, i = 0, 1, 2.... Thus, we need to know
the characteristics of such a vector. However, the distance to the nearest BS
r0 has the most impact to SC macro reception diversity. Thus, to reduce the
complexity and keep the tractability, for a given device, its packet loss rate can
be approximately expressed in terms of r0 (instead of the distance vector to all
surrounding BS ri, i = 1, 2... ).
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Let pf,sc(r0) be link-level packet loss rate with respect to r0. Recall that in
case of SC macro reception diversity,

pf,sc(r0) ≈ (1− ps(r0))E

[ ∏
ri∈Φb

(1− ps(ri))

]
,with ri ∈ [r0,+∞] , (16)

where ri refers to the distance between the device and BS with label i. Note that
ri should be not less than r0. The impact of BS other than the nearest one to
the packet loss rate is thus reflected by term E

[∏
ri∈Φb(1− ps(ri))

]
.

Term E
[∏

ri∈Φb(1− ps(ri))
]

in (16) is actually the Probability Generating
FunctionaL (PGFL) of PPP Φb for BS, which states for some function f(x) that:

E

[∏
x∈Φ

f(x)

]
= exp(−λ(

∫
R2

(1− f(x))dx))

Thus, it can be simplified as follows:

E

[ ∏
ri∈Φb

(1− ps(ri))

]
= exp

{
−πλbe

2σ2

γ2

∫ +∞

r02

exp(−ηT r
γ
2 − εT r)dr

}
(17)

With substitution of (17) into (16), we have:

pf,sc(r0) = (1−e−ηT r
γ
0−εT r

2
0 ) exp

{
−πλbe

2σ2

γ2

∫ +∞

r02

exp(−ηT r
γ
2 − εT r)dr

}
(18)

By letting pf,sc(r0) = Pf,max and substituting (13) into (18), the critical dis-
tance rc can be numerically calculated due to the fact that pf,sc(r0) is a mono-
increasing function (even though its closed-form expression does not exist). Then
we can use formula (13) to calculate the minimum BS spatial density, given an
outage probability and target network packet loss rate.

5 Numerical result

The system settings to get the numerical results are resumed in Tab. 1. Some
explanations are given as follows: to evaluate the impact of the background noise
to the system performance, we need to determine the values of Pt, K, σ2

n. For one
LPWAN device running on ISM band (e.g. with 868 MHz), from a regulatory
point of view, the effective radiated power (ERP) may not exceed 14 dBm (or
25 mW) in any direction [13], we thus assume that the transmit power Pt is set
as 14 dBm.

About noise power level, we use the same formula given in [5]: σ2
n = −174 +

NF + 10 log(B), where NF is the noise figure, usually set as 6 dB, B is the
bandwidth occupied by the transmitted packet. The occupied transmission band
is assumed to be 200 kHz (e.g. LoRaWAN). Thus, σ2

n is −115 dBm.
In terms of propagation path-loss model, Okumura-Hata model is applied.

In urban area, the path-loss between one device with antenna height hd = 1.5
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Table 1. Parameter values for numerical results

Parameter Name Parameter Notation Value

Transmit power Pt 14 dBm
Noise figure NF 6 dB
Occupied bandwidth B 200 kHz
Target network packet loss rate Pf, max 10%
Outage probability Poutage 1%, 10%
Device height hd 1.5 m
BS antenna height hbs 50 m
Noise power σ2

n −115 dBm

meters and a BS with height hbs = 50 meters is [8]: Path Loss = −10 log10(K)+
γ10 log10(r) = 123.6+33.8 log(r), where log10(·) is 10-based logarithm operator,
r is in unit of kilometer. Thus, the constant 10 log10(K) is −123.6 dB.
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Fig. 2. Minimum BS spatial density with respect to network load. The target packet
loss rate and outage probability threshold are both 10%.

We consider a LPWAN network with target network packet loss rate 10%.
With a given outage probability requirement, we calculate the minimum required
BS spatial density (per km2) with respect to the network load (per slot). The
latter varies from 0.05 to 0.3. The numerical results are shown in Fig. 2 (with
outage probability 10%) and Fig. 3 (with outage probability 1%).

From (15), we know that, if the background noise is neglected, there exists
a linear relationship between network load (i.e. pλm) and minimum BS spatial
density (i.e. λb) if target network packet loss rate and outage probability is
given. This can be confirmed in Fig. 2 and Fig. 3. For slotted ALOHA based
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Fig. 3. Minimum BS spatial density with respect to network load. The target packet
loss rate is 10% and outage probability threshold is 1%.

best Best BS attach with background noise, we unfortunately have no closed-
form expression between minimum required BS density and network load. From
these two figures, the relationship between minimum required BS density and
network load can be assumed to be linear and we can use curve fitting techniques
to get a closed form expression for the case with noise with high accuracy. In
addition, It is not surprised that with background noise, the minimum required
BS density is more larger.

From these two figures, we observe that as network load increases, the in-
crease of minimum BS spatial density in case of macro diversity is significantly
smaller than that in case of best BS attach. One straightforward explanation
is: to guarantee a certain level of outage probability, as the load increases, the
network should be more dense and the distance between a considered device and
its surrounding BS is closer. The chance that one packet is received by several
surrounding BS is thus much higher in a dense network. Thus, macro diversity
has more obvious effect.

6 Conclusion

In this paper, we study the performance of selection combining macro diver-
sity in LPWAN with outage probability constraint. The outage probability is a
performance indicator that better takes into account the real availability of the
service in any part of the area. We compare the minimum required BS spatial
density between best BS attach and SC macro diversity to confirm the interest
of applying selection combining macro diversity. From numerical result, we ob-
serve that minimum required BS density and network load can be assumed to
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be linear if best BS attach method is applied and outage probability constraint
is given. SC macro diversity is more resistant to such a constraint.
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