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Abstract. Kernel density estimators technique has been successfully applied to efficient Bit Er-
ror Rate (BER) computation issue under a diversity of simulation frameworks. However, as con-
temporary and emerging digital communication systems are increasingly provided with advanced
transceivers, it is questionable if the Symbol Error Rate (SER) can be anyway derived from the
BER. This paper investigates for a direct way to efficiently compute the SER. Focusing on the ubi-
quitous multi-level Quadrature Amplitude Modulation (QAM) transmission schemes, a Gaussian
kernel-based estimator is designed. Simulation of the 4-QAM transmission scheme under various
channel models shows that the proposed estimator can achieve efficient estimations with a very
high degree of accuracy and reliability.

Key words: kernel density estimators, probability density function estimation, bit error probability
estimation, symbol error probability estimation.

1. Introduction

The issue of efficient error probability estimation for the performance evaluation of digital com-
munication systems has been an active subject of research during the 1970s. Attempts to estabblish
analytical methods of Bit Error Probability (BEP) estimation have been noted [1], [2] but did not
meet success. However, simulation-based techniques rapidly showed to be more successfull. In
[3], acomplete review dealt in details with simulation-based techniques namely the standard Monte
Carlo (MC) simulation and variance-reducing techniques such as importance sampling (also called
modified Monte Carlo) [4], extreme-value theory [5], tail extrapolation [6] and quasi-analytical es-
timation [3].

The standard MC technique is the most general of all existing simulation-based techniques of
error probability estimation. Indeed, this technique does not need to be adapted to the commu-
nication system specificities. It is an intuitive and easy way to compute an estimate of the error

Frontiers in Science and Engineering - Vol. 7 - n° 1 - 2017 17
An International Journal Edited by The Hassan II Academy of Science and Technology



Pasteur Poda and Samir SAOUDI Multi-Level Kernel-Based QAM Symbol Error Probability Estimation

probability. It makes a comparison between the transmitted and the received data sequences and
then proceeds with the errors counting. The error rate, an estimate of the error probability, is then
derived as the ratio of the number of observed errors to the total size of the transmitted sequence.
So, the standard MC appears to be a universal technique for the computation of Bit Error Rate
(BER) or Symbol Error Rate (SER). Unfortunately, it is revealed to be the most costly computa-
tion of error rate simulation methods [3]. To achieve a given level of accuracy and reliability, the
standard MC can require large sample size causing the computational cost to be increasingly high
whilst the error rate to compute gets smaller.

To overcome the standard MC method computational cost, the family of variance-reducing
techniques and more specifically the importance sampling technique has been well investigated.
Very high efficiency of factor theoretically going up to hundreds were reported regarding the im-
portance sampling technique. However, this most successfull variance-reducing technique requires
a prior knowledge about the underlying probability density function (pdf) of the observations based
on which the estimation is made. A more recent approach for efficient error probability estimation
consists of using kernel density estimators [7], [8].

The approach based on kernel density estimators allows the error rate to be computed with-
out requiring any prior knowledge about the underlying pdf of the observations. The pdf of soft
observations, i.e., those observations sampled from the channel output and serving for hard de-
cision making about the transmitted symbols, is estimated in a non-parametric manner using a
kernel density estimator. Then, based on a selected kernel density estimator, some mathematical
manipulations allow an equation of the error probability estimate to be derived. Finally, using soft
observations at the receiver-end, the estimate of the error probability is computed by simulation.

The first works related to kernel-based error probability estimation dealt with the BER com-
putation. They include works reported in [9], [10] and to some extent, that work [11] based on
Parzen’s pdf estimator. Parzen’s pdf estimator is a more general class that includes kernel estima-
tors. The latest kernel-based BEP estimation works were reported in [12] and [13]. Otherwise,
investigations dealing with Symbol Error Probability (SEP) estimation led to results reported in
[14] and [15]. Herein, this paper aims at extending the work presented in [15]. The BEP and the
SEP are two parameters commonly used in digital communications domain for systems perfor-
mance evaluation. For Gray coded mappings over the usual channels and for large ranges of signal
to noise ratios, it is mathematically demonstrated that the SEP estimate (i.e., the SER) can be de-
duced from the BEP estimate (i.e., the BER) and inversly [16]. However, in the contemporary and
emerging digital communication systems characterised by advanced and complex transceivers, it
is questionable if the SER can be anyway deduced from the BER. Far from answering this ques-
tion, the purpose of this paper is to offer a direct and efficient approach to compute the SER in any
digital communication system where the Quadrature Amplitude Modulation (QAM) schemes take
place.

In the remainder of this paper, we first formalise in Section 2 the SEP as a function of the
pdf of the received soft observations. We then present in Section 3 the SEP estimate based on the
kernel density estimators approach. From the general design of the //-QAM SEP estimate made in
Section 3, we define in Section 4 the special case of 4-QAM SEP estimator. We specify in Section

5 the simulation frameworks, report and analyse the simulation results. Finally, we conclude the
paper in Section 6.
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2. Formal Symbol Error Probability

To formulate the SEP estimation problem, let us consider a digital communication system with
rectangular M/-QAM (4-QAM, 16-QAM, 64-QAM, etc.) constellations. Let (s;), .. be a set
of N independent and identically distributed information symbols. Each s; takes its value into
the alphabet of waveforms {51, Sa, ..., Si}. At the receiver-end, we assume the presence of soft
symbols which are noisy copies of the transmitted symbols s;. Let us denote by Z, the multivariate
Random Variable (RV) describing the received soft observations, such as Z = (X, Y’) where X and
Y are real RVs. Let (Z;)1<;<n be the sequence of the realisations of Z where each Z; = (X,,Y})
corresponds to the soft decision statistic that serves for the computation of the hard decision about
the transmitted information symbol s;. Let us assume a clustering of the received soft observations
Z; into M clusters (Cy,); <, <5 €ach with cardinality N,,. Then, the a priori probability that the
transmitted symbol s, is equal to S, is

T = Pr[s; = Sy, 2.1

wherem € {1,2,..., M}, Pr|.] denotes the probability of a given event and 1 +ma+. . .+mpy = 1.
The soft observations (Z;);<;<n are RVs having the same pdf f7 y(z,y). The pdf fz n(x,y) is a
mixture of M marginal multivariate conditional pdfs and is given by

fz(z,y) Zwmfﬁm ), 2.2)

where fgj}(,m (x,y) is the conditional multivariate pdf of Z; conditional to s; = S,,. The SEP is
therefore given by:

M
N= D TmPeNn: (2.3)
m=1
where,
v =1 [[ (e ndedy, @4
where D,,, = {Z | m = argmind(Z, Si)}, with d(.,.) denoting the euclidian distance, is the

1<k<M
decision-region associated to .S,,.

3. Gaussian Kernel-Based //-QAM SEP Estimation

In this Section, we proceed with a general formulation, based on the kernel density estimators, of
the M-QAM SEP estimation problem. We establish a general expression of the Gaussian kernel-
based SEP estimate for any M-QAM transmission scheme.

As shown in equations (2.3) and (2.4), the analytical expressions of the marginal conditional
pdfs f5! N (T, 9), fs N, (5 1)5 - f‘Zg%M (x,y) are required to compute the SEP p, n. Unfortunately,
these conditional pdfs depend on the communication channel model and receiver scheme so that
their exact parametric model is not always available. However, it is possible to resort to a non-
parametric estimation technique such as the kernel density estimators. Therefore, let us denote
by fs _(x,y) the kernel-based estimate of the marginal multivariate pdf fZ ", (,y). Then, the

kernel method allows f5 7', (7,y) to be written as follows,
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—X; 1 y—Y;
fZ'nL [ Z < hx > X h,u K< hy >7 (3.1)

Ni, Z;ECm Nm

where A5, (resp. Y, ) is the smoothing parameter depending on the soft values X1, X, ..., Xy,
(resp. Y7, Y5, ..., Yy, ) that are associated with those soft observations 21, Zs, ..., Zy,, which are
classified into the cluster C,,. The clusters (C);, )1<m<s are the result of a classification procedure.
Each cluster (', is assumed containing the soft observations 71, Zs, . .., Zy,  which likely belong
to the decision-region D,,.The function K (.) is any pdf, called the kernel, assumed to be an even
and regular function with zero mean and unit variance.

From (2.3) and (2.4) in which we insert the expressions of the marginal conditional pdfs esti-

mates, we can derive the SEP estimate p. y as follows,

Pen = > Fombe N (32)
where p. y,,, the marginal SEP, is given by

DeN,, = 1 — / §7V (z,y)dz dy. (3.3)

Since rectangular QAM constellations are considered, the decision-regions (D,;,)1<m<nr, are such
as D, = [am, bim] X [¢m, dm]. Then, taking into account the expression of fg*}lvny(x, y) as given in

(3.1), we get
r—X; dm 1 y—Y;
—1—— : K . (34
o 2 ([ (oo [ (2 ) o

Using the changes of variables such as u = (v — X;)/h%;, , v = (y — Y;)/hY,  and setting o, =
(am — Xi) /D%, s B = (b — X3) /DR s Ym = (e — Vi) /DY, and &y, = (d — Y3)/RY,, » We get

1 +o0 +o0 +0oo +o0
Pe,N,y, = 1——— E { K (u) du — K(u)du}x{ K (v)dv — K(U)d’l}}.
s Nm N p N
Z;€Cm m m
3.9

From this general expression of p. n,, given by (3.5), if a Gaussian kernel function is selected,
then K is a zero mean unit variance Gaussian distribution. A general expression of the Gaussian

m ‘Sm

kernel-based SEP estimate for any M-QAM transmission scheme is therefore expressed as in (3.2)
with in addition the following more convenient expression of p. y,,:

~ o 1 am_Xi bm_Xz Cm_Y'i dm_m
ooy S5 e (i) e () e )y

(3.6)
where the function Q)(.) is the complementary unit cumulative Gaussian distribution and is such as
e

Qu) = [F°(1/v2m)exp(—t2/2) dt.
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4. Kernel-Based 4-QAM SEP Estimator

A kernel-based error probability estimator is completely defined by the selection of the kernel
function K and its smoothing parameter. The selection of the kernel function can be guided by the
density function under estimation. For instance, infinite support distributions such as the Gaussian
distribution are suitable as kernel functions whenever the observed samples are distributed over a
large scale. Finite support distributions also exist. Further information about them can be found
n [17]. The selection of the smoothing parameter is generally concerned with more labor. It has
been proven in [8] that the pdf estimation accuracy mainly depends on it. It is also noticed [17]
that there is no universal smoothing parameter; i.e., every case of study should accomodate with
the judicious method of the optimal smoothing parameter selection. A multitude of methods have
been developed for this purpose. Some of them are used in [18] and [19]. A complete review
covering these methods can be found in [17]. Several kernel-based BEP estimators (e.g., [9] and
[10]) have been built based on the Gaussian kernel.

By the general expression of the SEP estimate given by (3.2) and (3.6), we design a Gaussian
kernel-based SEP estimator for any M/-QAM transmission scheme except that the smoothing pa-
rameters hf; and Y are not selected yet. Thus, to complete the estimator design and proceed
herein with its evaluation in the special case of the 4-QAM transmission scheme, we choose the
smoothing parameters as defined in [10] and given by:

hg = ()" NuPo%
o (3)1 o 4.1)
WYy = (2)° NP0y

where (0%, )? (resp. (0%, )?)is the variance of the soft values X1, Xo, ..., Xy, (resp. Y1,Ys, ...,
Yn, ). In [15], we reported simulation results of an SEP estimator based on the smoothing pa-
rameter of (4.1) and provided illustrations of performance regarding 4-QAM and 16-QAM trans-
mission schemes. Without any loss of generality, we’ll focus the performance evaluation of the
proposed kernel-based SEP estimator on the 4-QAM transmission scheme. In this particular
case, the decision-regions are such as: D; = [0,+o0] x [0, +0o0], Dy = [0,+00] X |—00,0],
D5 = |—00,0]x]—00, 0] and D, = |00, 0] X [0, +o0]. Thus, from (3.6), Q ((an,, — X;)/h% ) =1
and Q ((c — Yi)/hY%, ) = 1asa, — —ooand ¢, — —oo respectively. In the same way,
Q ((bm — Xi)/hxm) =0and Q ((dn, — Y;)/h%, ) = 0as by, — +oo and d,, — +0oc respectively.
Finally as 1 — Q(z) = Q(—=), we get from (3.6) the expressions of (pe,n,,);<,,<4 as follows,

ﬁe,Nl = 1- + fZNl(x y)dxdy
kg
PeNy = f ZNZ(:I? y) dz dy
- 1—*Z§z@< t)e(®)
4.2)
beny = 1= [0 [0 Fo, (@ y) dady
S
ey = 1= [0 [ fn, (z,y) dedy
- 1‘@%&(%)@(‘%5)
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5. Simulation Results

5.1. Simulation Frameworks

According to (3.6), the M-QAM SEP estimation using kernel method requires a classification of
the soft observations (Z;), ., into as many clusters C,,, as the modulation order ). In this paper,
we made the classification in a supervised fashion, i.e., the transmitted information sequence is
known. The supervised classification procedure consists of the synchronisation of the received
sequence positionwise with the transmitted sequence. Then, each observation Z; of the current
index is classified into the cluster assigned to its corresponding information symbol s; of the same
index.

Three types of channel models are considered: the Additive White Gaussian Noise (AWGN)
channel, a frequency-selective channel and a frequency-selective Rayleigh fading channel. When
the transmissions are made over the AWGN channel, the received soft observations that are used
for the SEP estimation are in the form of Z; = s; 4 1);, where 7); is a realisation of the channel noise
nand n ~ N(0,07).

The frequency-selective channel is one of the frequency-selective channel models designed
in [20]. It is defined by a finite impulse response filter 4 with 11 coefficients. The soft observations
used for the SEP estimation are taken from the channel output. They are in the form of Z; =
211::1 his;—i + ;. As this channel introduces inter-symbol interferences, an equalisation is made;
afterwards the equalised soft observations are used for the SEP estimation.

The third type of channel involved in the simulation of the proposed kernel-based SEP es-
timator is a multi-carrier frequency-selective Rayleigh fading channel. The profile of this latter
type channel is given by: a Gray-labeled 4-QAM constellations, ten taps long with a sample pe-
riod of 12.8 us, an 8 Hz maximum Doppler shift and average taps gains given in watts by the
vector [0.0616 0.4813 0.1511 0.0320 0.1323 0.0205 0.0079 0.0778 0.0166 0.0188] [20],
[21]. To mitigate the inter-symbol and inter-carrier interferences, we implemented an orthogonal
frequency division multiplexing technique of 128 sub-carriers with a cyclic prefix of length 9 [22].

5.2. Numerical Results

The accuracy and the reliability of the proposed kernel-based SEP estimator is analysed using
absolute biases and confidence intervals. The absolute bias is for evaluating how accurate is an
estimate of the SEP. It is defined by | E[p. ] — pe.n | where E[.] denotes the mathematical ex-
pectation operator. The Confidence Interval (CI) is for the measure of the estimation reliability.
In [3], it has been prefered to variance. To compute E[p. x| and the CIs, we were provided with
101 SEP estimations trials. Based on the 101 SEP estimates values, the Student’s t-distribution
method was applied to determine the CIs values for a confidence level of 95%. To complete the
absolute bias values calculation, we needed to be provided with values of the SEP p. 5. So, when
AWGN or Rayleigh fading channels are considered, a theoretical expression of the SEP is avail-
able. However, in the case of the frequency-selective channel, the SEP is determined in the form of
a benchmark. The benchmark was computed by simulations using the standard MC method under
the constraint that a threshold of one hundred errors occured. Simulations were carried out for
different values of the information bit energy to noise power spectral density ratio (F;,/Ny). They
covered SER values slightly greater than 10~ down to small SER values: in the vicinity of 10~
when the Rayleigh fading channel is involved and in the vicinity of 10~° regarding the AWGN and
the frequency-selective channels.
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Figure 1 shows the curve of performance given by the proposed SEP estimator over the AWGN
channel. Represented by the curve in solid blue line with diamond mark at each data point, the SEP
estimates achieved by the proposed estimator are compared to the theoretical SEP values borne by
the curve in red solid line. Following the same legend (i.e., solid blue line with diamond mark
at each data point for the proposed estimator and solid red line for the reference curve), Figure 2
and Figure 3 also show the estimation performance achieved over the frequency-selective and the
Rayleigh fading channels respectively. These three figures have in common that their plots allow
the proposed SEP estimator accuracy to be visually evaluated. The observed SEP estimates as
borne by Figure 1, Figure 2 and Figure 3 correspond to the absolute bias numerical data given
in the third columns of Table 1, Table 2 and Table 3 respectively. As these tables let us see, the
absolute bias values are negligible compared to the true values p. . This explain why, as the
curves in the figures look like, quite all the SEP estimates data points appear pointwise consistent.
The resulting accuracy of the SEP estimations is therefore very high.

Beyond the demonstrated high accuracy of the SEP estimations, let us now analyse their re-
liability. For this, the Cls values characterising the achieved reliability are given in the fourth
columns of Table 1, Table 2 and Table 3. The smaller the CI is, more reliable is the SEP esti-
mate. Throughout Table 1, Table 2 and Table 3, the achieved CIs are very small: most of them are
close to [0.9pc n, 1.1p. ] and the largest CI is given by [0.84p. n, 1.16p. n]. So, the proposed
kernel-based SEP estimator is highly reliable under the three types of channel models.

The performance achieved in terms of accuracy and reliability by the proposed kernel-based
SEP estimator is at the cost of a certain sample size Ny, i.e., the amount of soft observations that

I 3
— Theoretical |
-0-Kernel

EbINO (dB)

Figure 1: 4-QAM SEP estimates over the AWGN channel.
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10° E T T T T T T T T T |
F —Benchmark|]
-»-Kernel

SER

Eb/NO (dB)

Figure 2: 4-QAM SEP estimates over the the frequency-selective channel.

were used for the estimation. In the fith columns of Table 1, Table 2 and Table 3, the different

—Theoretical
—4-Kernel

|
2 25
Eb/No (dB)

30 35

Figure 3: 4-QAM SEP estimates over the Rayleigh channel.

Ey/No(dB) De.N Absolute bias Two-sided CI Ny Nppe
00 151 x 1071 0.14 x 107" [0.99pe n, 1.01p. v] 3.0 x 103 4.5 x 10°
02 7.36 x 1072 0.83x 1072 [0.99p. n, 1.01p. n] 6.0 x 103> 9.0 x 10°
04 248 x 1072 0.30 x 1072 [0.99pc n, 1.01p. n] 1.5 x 10* 3.5 x 10*
06 480 x 1073 0.60 x 107*  [0.99p. n, 1.01p.n] 3.5 x 10* 5.5 x 10*
08 3.82x107%  0.56 x 107*  [0.97pen, 1.03p.n] 1.0 x 10° 1.5 x 10°
10 774 x 107 0.67x 1075 [0.85pe N, 1.15pe n] 2.0 x 10° 2.3 x 10°

Table 1: Numerical data characterising the SEP estimates over the AWGN channel.
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sample sizes N that characterise the achieved performance are given. In the last columns of
Table 1, Table 2 and Table 3, numerical data corresponding to the sample sizes NN,,. that are
required by the standard MC to achieve the SEP estimations with almost equal reliability and
accuracy are also given. The values of V,,. have been determined by simulations. Compared to
the sample sizes N,,., the sample sizes N are smaller. This results in sample size savings making
the proposed SEP estimator more efficient than the standard MC. However, we may wonder if the
achieved sample size savings would be enough to declare the proposed estimator efficient indeed.
To answer this query, let us analyse the efficiency of the estimation in terms of CPU time. Based
on the numerical data regarding the SEP estimations over the frequency-selective Rayleigh fading

Ey/No(dB) De.N Absolute bias Two-sided CI Ny Noe
02 1.42 x 107" 0.11 x 107! [0-99P5,N, 1.01pe7N] 5.0 x 10> 9.0 x 10°
04 6.81 x 1072 0.64 x 1072 [0-99105,1\7, l.OlpeJV] 1.0 x 10* 1.5 x 10*
06 248 x 1072 0.22 x 1072 [0.99;05,1\7, l.Olpe’N] 3.0 x 10* 4.0 x 10*
08 590 x 107%  0.70 x 107*  [0.99pe n, 1.01p. n] 5.0 x 10* 7.0 x 10*
10 7.37x107*  0.76 x 107*  [0.98pe n, 1.02p. n] 1.0 x 10° 1.2 x 10°
12 318 x 107 0.45x 107 [0.90pey, 1.10p.y] 1.0 X 10° 1.6 x 107

Table 2: Numerical data characterising the SEP estimates over the frequency-selective channel.

Ey/No(dB) De.N Absolute bias Two-sided CI Ny Noe
05 1.15x 1070 0.18 x 10™  [0.92pe v, 1.08pen] 3.0 x 10 1.0 x 104
10 421 x 1072 0.43 x 1072 [O.QOpE,N, 1.10pe’N] 3.0 x 10* 6.0 x 10*
15 1.40 x 1072 0.08 x 1072 [O.SSpE,N, 1.12pe’N] 3.0 x 10* 6.0 x 10*
20 450 x 107 0.10 x 1073 [0.87pe7N, 1.13pe’N] 3.0 x 10* 6.0 x 10*
25 140 x 107®  0.00 x 1073 [0.86pe.n, 1.14p,y] 3.0 x 10* 7.0 x 10*
30 454% 1074 0.31x 1074 [0.84p.n, 1.16p.n] 3.0 x 10* 8.0 x 10°
35 1.44 x 107*  0.01 x 10~* [0.84])@7]\/, 1.16p67N] 6.0 x 10* 1.3 x 10°

Table 3: Numerical data characterising the SEP estimates over the Rayleigh channel.

channel, we observed gains of efficiency in terms of the computational cost. For instance, we
noted for E;, /Ny = 30 dB (see the corresponding row in Table 3) that the proposed SEP estimator
performed using a sample size Ny = 3.0 x 10* and engendering a computational cost (i.e., the
CPU time) of 2.0 s. In the same conditions of transmission and achieving the same accuracy and
reliability performance, the standard MC method used a sample size N,,. = 8.0 x 10* causing a
higher CPU time equal to 4.89 s. A second illustration, based on the data of the last row of Table 3,
reveals a CPU time of 3.64 s against 7.87 s for the standard MC method. CPU time savings are
therefore achieved. These CPU time savings, although they seem small, may be of a great interest
in green computing.

The asymptotic behaviour of the proposed kernel-based SEP estimator is illustrated in Table 4
for transmissions over the frequency-selective channel under two different £}, /N, values. We can
see that the absolute bias and the CI become smaller as the sample size N increases.
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E,/Ny(dB) Ng Absolute bias Two-sided CI

3,000  0.14x 107" [0.989p,.n, 1.011p, y]
4,000 0.12x 107" [0.992p, n, 1.008p, ]
02 5,000 0.11x 107" [0.993p, x, 1.007p, »]
6,000  0.10 x 107" [0.993p, x, 1.007p, »]

5,000  2.35x 107 [0.573p.n, 1.427p. v]

10,000 211 x 1075 [0.601p..n, 1.399p. x]

12 50,000 0.86 x 107°  [0.862p..x, 1.138p. ]
100,000 0.45 x 1075 [0.903p..n, 1.097pe x]

Table 4: Asymptotic behaviour of the proposed SEP estimator.

6. Conclusion

In this paper, we investigated the problem of efficient Symbol Error Probability (SEP) estima-
tion for the transmission systems based on Quadrature Amplitude Modulation (QAM) schemes.
We designed a Gaussian kernel-based SEP estimator that allows, using soft observations at the
receiver-end, to compute the Symbol Error Rate of any digital communication system built over a
QAM transceiver. We first established the formal expression of the SEP and presented the way it
can be estimated using kernel density estimators. Then, we applied a two-dimensional kernel den-
sity estimators technique to obtain a convenient equation of the SEP estimate that can be computed
by simulation. We used soft 4-QAM symbols sampled from the channel output and run simulations
under three different types of transmission channels: the Additive White Gaussian Noise channel,
a frequency-selective channel and a multipath Rayleigh fading channel. We reported simulation
results of the kernel-based SEP estimates and analysed, using absolute bias and confidence inter-
val, the performance of the estimator in terms of accuracy and reliability. For equivalent accuracy
and reliability, we compared the proposed kernel-based SEP estimator to the standard Monte Carlo
simulation technique and found that the proposed estimator is more efficient. We evaluated its
efficiency on both levels of sample size and CPU time savings. The overall performance of the
proposed kernel-based estimator was concluded highly accurate and reliable to the trade-off of
an efficiency up to a factor two. The achieved efficiency of the kernel-based estimator can be of
greater significance in some issues resolution that are better addressed by the green computing
research area.
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